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Abstract. We consider certain A'3-fibered Calabi-Yau threefolds over Q with 
involution. We will discuss the automorphy of the Galois representations asso- 
ciated to these Calabi-Yau threefolds. We construct such Calabi-Yau three- 
folds as the quotients of products of K3 surfaces S and elliptic curves. We 
choose K3 surfaces S over Q with non-symplectic involution a acting by —1 
on H^'^{S). We fish out K3 surfaces with involution cr from the famous 95 
families of K3 surfaces from the list of Reid |18| , and of Yonemura 1211 where 
Yonemura described hypersurfaces defining these K3 surfaces in weighted pro- 
jective 3-spaces. 

Our first result is that for all but few (in fact, nine) of the 95 families of 
K3 surfaces S over Q in Reid-Yanemura list, there are subfamilies of defining 
hypersurface equations which are of Delsarte or Fermat type and endowed with 
non-symplectic involution cr. One implication of this result is that with this 
choice of defining equation (S, a) becomes of CM type. 

Let E be an elliptic curve over Q with involution t, and let X be the 
standard (crepant) resolution, defined over <Q, of the quotient threefold E X 
S/i X (T, where (S, a) is one of the above K3 surfaces over <Q of CM type. One 
of our main results is the automorphy of the L-function of X. 

The moduli spaces of these Calabi-Yau threefolds are Shimura varieties. 
Our result shows the existence of a CM point in the moduli space. 
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1. Introduction 

We will address the automorphy of the Galois representations associated to cer- 
tain ii'3-fibered Calabi-Yau threefolds over Q. Here by the automorphy, we mean 
that the L-series of the Calabi-Yau threefolds over Q come from automorphic repre- 
sentation in GL„(Aq) for some n. In fact these represetations arise by automorphic 
induction from GL2 using a generalization of the work of Arthur-Clozel [1] . 

Our Calabi-Yau threefolds were previously considered by Voisin '20' and by 
Borcea 4 from the point of view of geometry and also towards physics (mirror 
symmetry) applications. 

We now describe briefly the Voisin-Borcea construction of Calabi-Yau threefolds 
over C. Let E be any elliptic curve with an involution t : x t-^ —x, and let S be 
a K3 surface with involution a acting by —1 on H^''^{S). The Hodge structure of 
the product x 5* is given by the tensor product of the Hodge structures of the 
components. The quotient threefold ExS/lx a is singular, but the singularities are 
all cyclic quotient singularities, and there is an explicit crepant resolution, which 
yields a smooth Calabi-Yau threefold X. The Hodge numbers h^'^{X) and h'^'^{X) 
are determined by the fixed locus S"' of a on S. 

To find our A'3 surfaces, we use the famous 95 families of K3 surfaces which 
can be given by a weighted homogeneous equation in weighted pro jective 3-space, 
as classified by M. Reid [18] (see also Fletcher 0). Yonemura [21 gave explicit 
equations for these surfaces as weighted hypersurfaces /i(xo, xi, X2, ^3) = using 
toric methods, and we will use his list throughout this article. 

We first fish out from the list of Yonemura subfamilies S of K3 surfaces having 
a convenient involution a acting on the holomorphic 2-forms of the surfaces as 
multiplication by —1. Borcea [4] found 48 such pairs {S,(j) in Yonemura's list. We 
find additional 41 -|- (3) such pairs (5, a) in Yonemura's list (our involutions have a 
different formula from Borcea's examples), bringing the total to 92 pairs. 

Nikulin [16] classified all K3 surfaces {S, a) over C with non-symplectic invo- 
lution a by triplets of integers (r, a, ^), and found that there are 75 triplets up to 
deformation. In this paper, we calculate only the invariants r and a for our 92 exam- 
ples and realize at least 40 triplets (r, a, 6) of Nikulin. Since 5 G {0, 1}, this number 
may increase somewhat. However, as the task of calculating S is more involved, 
especially because we often need a Z-basis for Pic (S), we leave the determination 
of the invariant d to a future publication(s). 

For 86 of our 92 pairs of (S, a) we find a representative hypersurface defining 
equation for S of Delsarte type over Q, that is, the equation consists exactly of 
four monomials with rational coefficients (the other terms are chosen as 0). Toric 
methods show that the chosen equation defines a K3 surface if it satisfies the 
following conditions: (i) for any i, < j < 3, it must contain terms of the form xf 
or x^Xj {i j) with non-zero coefficients; (ii) it must be quasi-smooth (cf. Section 
U and (iii) it has the same singularity configuration as the original hypersurface. 
(We should mention why we only have 86 pairs: This is because for the six weights, 
K3 surfaces have involution but cannot be realized as quasi-smooth hypersurfaces 
in four monomials.) 

Once this condition is satisfied, we obtain K3 surfaces S of Delsarte, hence of 
CM type. By definition, a cohomology group of a variety is of CM type if its 
Hodge group is commutative; a variety is of CM type if all its cohomology groups 
are of CM type (see Zarhin, [22 ). In general the computation of Hodge groups is 
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notoriously difficult. However, Zarhin's results (see Livne-Schiitt-Yui [131 Theorem 
8] for a convenient statement) give an indirect way for our cases, using the argument 
developed in : a Delsarte surface S can be realized as a quotient of a Fermat 
surface by some finite group, and one knows since Weil that Fermat (hyper)surfaces 
are of CM type. 

It is known [4], [19] that over C the moduli spaces of Nikulin's K3 families are 
Shimura varieties. Recently, the rationality of the moduli spaces of all but two out 
of the 75 Nikulin's families of K3 surfaces has been established by Ma [T31 fT5] . 
combined with the results of Kondo [ll , and Dolgachev-Kondo [51. 

Our results give explicit CM points in these moduli spaces defined over Q; we 
do not know what their fields of definition (or moduli) are in the Shimura variety. 

Next we take a product E x S, where 5 is a K3 surface of CM type over Q with 
involution a as before, and E is an elliptic curve over Q with the — 1-involution 
L. Let X be the Calabi-Yau threefold obtained as the crepant resolution of the 
quotient of the product threefold E x S/l x a. Then we show that X has a model 
over Q. We can establish the automorphy of the Galois representations associated 
to X. We show that all the cohomology groups of X are of CM type if and only if E 
also has complex multiplication. This parallels the work by Livne and Yui (121 on 
the modularity of the rank 4 motive associated to the Calabi-Yau threefolds over 
Q obtained from the quotients of the products E x S/l x a where S are singular 
K3 surfaces with involution a. 

We also construct mirror partners (if they exist) of our Calabi-Yau threefolds 
using Borcea-Voisin construction. In fact, 57 of the 95 families of K3 surfaces S 
of Reid and Yonemura have mirror partners S*^ within the list. We show that all 
these 57 families have subfamilies with involution a and a CM point rational over 
Q. Then the quotients of the products E x S'^ /l x a give rise to mirror partners of 
E X S/l X a. 

From the point of view of mirror symmetry computations, our results supply 
particularly convenient base points in both the moduli space and in the mirror 
moduli space: they are defined over Q, and their cohomology Galois representations 
are attached to automorphic forms whose L-functions are known. 

2. K3 SURFACES WITH INVOLUTION 

Let S" be a K3 surface over C. Then H^{S, Z) is torsion-free and the intersection 
pairing gives it the structure of a lattice, even and unimodular, of rank 22 and 
signature (3,19). Therefore, by the classification theorem of such lattices, up to 
isometry, 

H\S,Z) ^U^ ®{~Esf 
where U is the usual hyperbolic lattice of rank 2 and Eg is the unique even uni- 
modular lattice of rank 8. 

Let Pic (5) be the Picard lattice of S. It is torsion free and finitely generated, 
and together with the intersection pairing it can be identified as the sublattice 
Pic (5) = H'^{S,Z) n 7Ji'i(5') of H^{S,Z). We define the transcendental lattice of 
S, denoted by T{S), to be the orthogonal complement of Pic (S*) in H'^{S,'Z), i.e., 
T{S) := Pic (5)^ in iJ^(5,Z), with respect to the intersection pairing. 

Consider now a pair (5, cr), where S* is a K3 surface and a is an involution of 
S acting by -1 on H'^'"{S). Let Pic (S')'^ denote the part of Pic (5) fixed by a. 
Let (Pic(5')'^)* := Hom(Pic (S)'",Z) be the dual lattice of Pic (5)"". Let r(5')o = 
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Figure 1. Nikulin's pyramid 



(Pic (5)'")^ be the orthogonal complement of Pic (5)'" in H^{S,Z), and let T{S)^ 
be the dual lattice of T{S)o. From the assumption that a acts as —1 on the 
holomorphic 2-forms of S one can show that it acts by —1 on T{S)o (and by 1 on 
Pic (5)"^). 

Consider the quotient groups (Pic (S')'^)7Pic (5)'^ and T{S)yT{S)o. Since 
H^{S, Z) is unimodular, the two quotient abelian groups are canonically isomorphic: 

(Pic (5)")7Pic {Sr ^ T{S)yT{S)o. 

On (Pic(5')'")*/Pic(S')'^, a acts by 1, while on T{S)yT{S)o it acts by -1. Then 
only for the group (Z/2Z)°, —1 is equal to 1. This shows that 

(Pic (5)'")7Pic (Sy ~ (Z/2Z)" for some non-negative integer a. 

Nikulin |16[ [T7] has classified such pairs {S,<j). 

Theorem 2.1 (Nikulin). The pair {S,a) of K3 surfaces with non-symplectic in- 
volution a is determined, up to deformation, hy a triplet {r,a,S), where r ~ 
rank Pic (5')'^, (Pic (S')'^)*/Pic (S')'" ~ (Z/2Z)^ and S = if (x*)^ G Z for any 
X* G (PiciSyy, and 1 otherwise. 

There are in total 75 triplets (r, a, S), as shown in Figure [TJ 
The moduli space of {S, cr) with given triplet (r, a, d) is a bounded symmetric 
domain of type IV having dimension 20 — r. 

For a given pair {S, cr) of a K3 surface S with involution a, we now consider the 
geometric structure of the fixed part 5'°' of S under a (i.e., the part where a acts 
as identity). We follow Voisin [5D] for this exposition. 

Proposition 2.2. There are three types for S"^: 
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(I) For {r,a,S) ^ (10,10,0), (10,8,0), 5"^ is a disjoint union of a smooth curve 
Cg of genus g and k rational curves Li : 

S"" = Cg U Li U • • • U Lfc 

(II) For (r, a, 5) = (10, 10, 0), S'' = 0. 

(III) For (r, a, 6) = (10, 8, 0), S'^ is a disjoint union of two elliptic curves Ci and 
Ci: 

S"" =CiUCi. 

Furthermore, in the case (I), the genus g and the number k of rational curves 
can be determined in terms of the triplet (r, a, S) as follows: 

5 = ^(22-r-a), 

and ^ 

k^ -(r-a). 

Remark 2.1. Since tr is a non-symplectic involution, the quotient S/a is either a 
rational surface or Enriques surface. It is an Enriques surface if and only if S''^ = 0, 
i.e. {r,a,6) — (10, 10,0). On the other hand, if cr is a symplectic involution, then 
the minimal resolution of S/a is again a K3 surface. 

3. Construction of the Calabi-Yau threefolds 

In this section, we recall the Voisin-Borcea construction of Calabi-Yau three- 
folds. 

Let E be an elliptic curve with the standard involution and let {S, a) be a pair 
of K3 surface S with involution a acting by —1 on H^'^{S). By the classification 
theorem of Nikulin, the isomorphism class of such pairs {S, a) is determined by a 
triplet (r, a, (5) as we discussed in Section 2. 

Now we consider the product E x S, and the quotient threefold 

E X S/l X a. 

Obviously, this quotient is a singular, having cyclic quotient singularities. We re- 
solve singularities to obtain a smooth crepant resolution, denoted hy X = X{r, a, 6), 
which is a Calabi-Yau threefold. 

Proposition 3.1. [Borcea [3]] The Hodge numbers of the Calabi-Yau threefold 
X = X{r,a,6) are determined by the given triplet {r,a,S), or equivalently, by the 
data from S'^ : Indeed, 

h^-\X) 5 + 3r - 2a = 1 + r + 4(/c + 1), 
h'^''^{X) = 65 - 3r - 2a = 1 + (20 ~ r) + Ag 
where k, g are described in Proposition 2.2. The Euler characteristic of X is 
eiX) = 2{h^'HX) - h^'\X)) = 2(r - 10). 

[Voisin f20^] Put N := 1+k and N' := g. That is, N is the number of components, 
and N' is the sum of genera of components, of S"' . Then 

h^''^{X) = 11 + 5N -N', 

h'^^'^iX) = n + 5N' - N 
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and the Euler characteristic is 

e{X) = 2{h^'\X) ~ h^^^{X)) = 12(iV - N'). 

Now we discuss briefly resolution of singularities; detailed discussions are in 
Section 6. As above, let t : — > be the standard involution. The fixed part 
consists of four points {Pi, P2, -P3, -Ri}- 

We consider the generic case (I) when the fixed part S'^ of S is given by 

S"^ = U ii U ^2 U • • • U ifc 

where Cg is a smooth curve of genus 5 > 1 and Li is a rational curve for each 
i = 1, • • • , fc. 

Proposition 3.2. The quotient threefold Ex S/lxct has singularities along {Pi} x 
S"^ (i — 1,2,3,4). Each singular locus is a cyclic quotient singularity by a group 
action of order 2. 

By resolving singularities, we obtain a smooth Calabi-Yau threefold X: 

E X S/lx a ^ X. 
The exceptional divisors are four copies of a union of ruled surfaces 
S" X {Cg X Pi) U (Li X Pi) U • • • U {Lk x P^). 

4. Realization of K3 surfaces as hypersurfaces over Q 

We are interested in finding defining equations over Q for pairs {S, a) of K3 
surfaces S with non-symplectic involution a. For this, we appeal to the famous 
95 families of K3 surfaces of M. Reid [18] (see also Fletcher j7j) and of Yonemura 
|21| . All these 95 families of K3 surfaces are realized in weighted projective 3- 
spaces P^(i(;o, wi, W2, W3). Reid determined 95 possible weights (wq, wi, W2, ^3), 
and singularities as they are all determined by weights. Then Yonemura described 
hypersurfaces defining them, using toric constructions. 

We first recall the results of Borcea [4 and of Yonemura [21] . Here we say that 
Q — (wo, wi, W2, W3) is normalized if gcd{wi,Wj,Wk) = 1 for every distinct i,j,k. 
Also, we assume that lu^'s are ordered in such a way that wq > wi > W2 > w^. 

Proposition 4.1. (A) [Borcea] Assume that Q — (wq, i^i, W2, ^3) is normalized 
and wq — wi + W2 + W3. Then there are in total 48 weights {wo,wi,W2, W3) giving 
rise to pairs (S*, cr) of K3 surfaces S with involution a acting by —1 on H^'^{S). 
More precisely if wa is odd, there are 29 weights, and if wa is even, there are 19 
weights. 

(B) [Yonemura] Under the same assumption as in (A), a pair {S, cr) may be real- 
ized as the minimal resolution of a hypersurface So of degree 2wo in P"^ (wq , wi , W2 , u^s ) 
of the form 

= f{xi,X2,X3) 

where deg{xi) — Wi for < i < 3, the involution a on Sq is defined by (t{xo) = —Xq, 
and f is a homogeneous polynomial in the variables xi,X2, x^ of degree 2wo. 

Our first result is to extend the list of Borcea and Yonemura by adding more 
weights that yield K3 surfaces (S, a) with involution a. 
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Theorem 4.2. There are in total 92 = 48 + 44 weights {'Wo,wi,W2,W3) giving 
rise to pairs (S, a) of K3 surfaces S with non-symplectic involution a defined by 
cr{xi) = —Xi for some single variable Xi. In other words, we have 44 new weights 
(i.e., not in the list of Borcea) yielding surfaces with involution a. 
We divide the 92 cases into two groups: 

(i) The 48 weights of Borcea and defining equations for quasi-smooth K3 surfaces 
So are tabulated in Tables [U [2] and [3] in Section [T3l 

(ii) The additional 44 weights and defining equations F{xq, xi, a;2, X3) = for quasi- 
smooth K3 surfaces Sq are tabulated in Tables [H O [S] and [7] in Section [T51 

Proof. The proof of Theorem 14.21 is done by case by case analysis. Yonemura [21] 
determined hypersurfaces defining surfaces using toric geometry. We use his 
list of equations to find K3 surfaces with non-symplectic involutions. 

If the defining equation contains the term Xg or x^Xi, then we can define in- 
volution a by a{xo) = —Xq just as in Borcea's 48 cases. If the defining equation 
contains the term XgXi -\-xox'J^ (say), then we remove xqxJ^ to define the involution 
cr{xo) — —Xq (see Tables S] and [7]). 

For the equations in Table [SJ we change Xq to XqXi to define an involution by 
a{xo) = -Xq. 

For the equations in Table IH we choose variables other than xq (and remove 
several terms if necessary) to define an involution. 

Note that in each of the 92 cases, the quotient S/a is a rational or Enriques 
surface. Hence cr is a non-symplectic involution. □ 

Remark 4.1. Among the 95 K3 weights of Reid, there are three cases #15, #53, #54 
where we find no obvious involution; that is, there is no involution cr on 5* acting as 
cr^Xi) = —Xi for some variable Xj. These cases are tabulated in Table [S] in Section 

m 

For our arithmetic purposes, we like to have equations of Delsarte type (i.e. 
equations consisting of the same number of monomials as the variables) named after 
Delsarte (see [13] , Section 4) . Hypersurfaces of Delsarte type are finite quotients of 
Fermat varieties. Our next task is to find the subfamily of the 92 cases of Theorem 
14.21 that satisfy the following conditions: 

(1) By removing and/or changing some terms of the original defining equation 
h{xo, xi,X2,X3) of S in [3T], we obtain a new equation of Delsarte type. In 
other words, the new surface S is defined by an equation consisting exactly 
of four monomials. 

(2) The new hypersurface obtained in (1) is quasi-smooth. 

Conditions (1) and (2) give a restriction on the form of S. They change the 
arithmetic properties of S, but many of its geometric properties are unchanged. 
For instance, the types of singularities on S remain the same as the original hyper- 
surfaces h{xo,Xl,X2,X3) = of [2T] . 

Theorem 4.3. There are 86 weights {wq, wi, W2, W3) that give rise to pairs {S, a) 
of K3 surfaces S of Delsarte type with non-symplectic involution a. S is the 
minimal resolution of a quasi-smooth if 3 surface So dehned by a Delsarte equation 
in F^{wo,wi,W2,W3). 
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(a) If {S, a) is one of the 48 pairs determined in Proposition 14.11 other than 
#90, #91, #93, then So can be defined by an equation over Q of four monomials 

The equation is obtained by removing several terms from the equation of Yonemura 
|21| , where f is a homogeneous polynomial over Q of degree wq + wi + W2 + W3 (cf. 
Tables m lisp. 

(b) Let {S,a) be one of the additional 41 pairs determined in Theorem 14.21 (ii) 
other than #85, #94, #95. Then So can be defined by an equation F(xo, xi,X2,X3) — 
over Q consisting of four monomials of degree wq + wi + W2 + ws. In most cases, 
F{xo,xi,X2,X3) can be chosen as 

F{xo,Xi,X2,X3) = X^Xi + f{xi,X2,X3). 

The weights and equations are listed in Tables [H [5] and [6] in Section [T3l 

Proof. This can be proven by case by case checking of the list of equations of 
Yonemura [21]. In both (a) and (b), we transform S into a Delsarte type by 
removing several terms of its original defining equation. In doing so, we make sure 
that the condition (2) above is satisfied so that the new surface is also quasi-smooth. 

Condition (2) is met if for each variable Xi (0 < i < 3), the set of monomials 
containing Xj takes one of the following forms: 

for some j and k (j ^ k) different from i. 

This choice for the defining hypersurface preserves the configuration of singular- 
ities (i.e., types and the number of singularities) on S as the original hypersurfaces. 
The point is that for each of the 86 families, we can always find a subfamily whose 
defining equation consists of four monomials containing terms xf or x'^Xj (i 7^ j) 
with nonzero coefficients. □ 



Remark 4.2. Our list of defining equations for S do not cover all possible equations 
of Delsarte type. For instance, in case #19 of weight (3, 2, 2, 1) in Table SI we may 
also consider an equation XqXi + x\x2 + X2+ x\—Q. 

Remark 4.3. For the 95 families of quasi-smooth weighted Ki hypersurfaces, Yone- 
mura |21j described the number of parameters (i.e., the number of monomials) for 
their defining equations. The minimum number was four, but often equations con- 
tain more than four monomials. Our result shows that except for the six cases 
#85, #94, #95 of Table [7] and #90, #91, #93 of Table [H the minimum number of 
parameters is attained. 

Example 4.4. • Consider #42 in Yonemura =#3 in Borcea. Weight is (5,3,1,1) 
and a hypersurface is given by 

xl = f{xi,X2,X'i) = xlx'i +x\x^ +X2" +x^° 

of degree 10. We can remove the second monomial x\x^. The singularity is of type 
A2. 

• Consider #78 in Yonemura = #10 in Borcea. Weight is (11,6,4,1) and a 
hypersurface is given by 

= I{xi,X2,Xz) = x\x2 + x\x\ + X1X2 + X^xl + xl^ 
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of degree 22. We can remove the second and the fourth monomials xfx^ and x^a;!- 
The singularity is of type Ai + A3 + A^. 

• Consider #19 in Yonemura. Weight is (3,2,2,1) and a hypersurface is given 

by 

F[Xo, Xi,X2, X3) — XqXi + XqX2 + XqX^ + Xi + X2 + x^ 

of degree 8. We can remove the first or the second monomials XqXi or XqX2, the 
third monomial XqX'^. The involution is given by xq — > —xq. The singularity is of 
type 4Ai + ^2- 

Remark 4.4. The cases #85, #90, #91, #93, #94 and #95 of Yonemura cannot 
be realized as quasi-smooth hypersurfaces in four monomials with involution a. 

For instance, consider the case #85 of weight (5,4,3,2) and degree 14. All the 
possible monomials of degree 14 are 

XqXi + XqX^ + X0X1X2X3 + X1X2 + xoX2xl + x^xs + x1x2 

''\~X-^OC^ I X'^^X'^X^ I X']^X^ I X'^X^ I Xi^X^ I x^. 

To make it quasi-smooth and defined by four monomials, we remove the terms XqX^, 
X0X1X2X3, X0X2X3, X1X2, xfx^, xix\x\ and x^x^. The polynomial becomes 

X^Xi + Xix\ + x\x3 -\- XiX^ + X2X3 + xl- 

Now no matter what two monomials we remove from it, it cannot be made quasi- 
smooth. 

Note that if we allow more than four monomials, we can define a non-symplectic 
involution on this surface. For example, the surface defined by 

XqXi + XqX^ + x^x^ + x\x\ -\- X2x\ -\- X2X3 + xl — 

is quasi-smooth and endowed with an involution cr(xo) = —xq- 

Theorem 4.5. Let {S, a) be one of the pairs of Theorem l4. 31 Then {S, a) is defined 
over Q, and there exists a quaduple (p, K, u, x) with the following properties: 

(1) p is an (Artin) Galois representation of Gal{Q/Q), 

(2) K is a CM abelian extension of Q, 

(3) L : K ^ C is an embedding, 

(4) X j's a Hecke character of K of 00 type z — '-(2:)^, 

(5) dim p+[K ■.Q] = 22 

such that the L- function of S/Q is given by 

LiS/Q, s) = C(s)C(s + 2)L(p, s + l)L{x, s) 

Proof. We follow a similar argument in [13] . to which we refer for further details. 
Since 5 is a surface defined over Q, its Q^-cohomology is 1-dimensional in dimen- 
sions 1 and 4, which contribute the factors C(s) and C(s + 2) respectively. Since 5* 
is a K3 surface the first and the third cohomology groups vanish, giving no contri- 
bution to the L-function. The second cohomology group is a direct sum Ns ® Tg of 
the algebraic part, spanned by the subspace Ns of algebraic cycles and its orthog- 
onal complement Tg, called the space of transcendental cycles. This direct sum 
decomposition is Galois invariant. Since Ns is the image by the cycle map of the 
Neron-Severi group NS (S) (with scalars extended to Qe), the Galois group acts on 
NS (S) through a finite quotient. Hence it acts on Ns by the Tate twist p(l) of the 
corresponding Artin representation p. 
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To obtain the last factor we first consider the cohomology with complex coeffi- 
cients. Since the defining equation for S uses only 4 monomials, it is a Delsarte 
surface. Hence it is a quotient of a surface in P'^ with a (homogeneous) diagonal 
equation X)i=i 4 OjUi^ by some diagonal action of roots of unity. Moreover in 
our case the monomials in the (diagonal) equation for S have coefhcients 1, which 
implies that the a'^s can also be taken to be all I's. Weil's calculation (see [13], 
Section 6) gives that over an appropriate cyclotomic field the Galois representation 
on the transcendental cycles is a sum of 1-dimensional representations coming from 
Jacobi sums, of infinity type as in the statement of the Theorem, which the absolute 
Galois groups permutes transitively. The Theorem follows. (For detailed discussion 
on Jacobi sums, see Section 10 below.) □ 

5. Computations of Nikulin's invariants for K3 surfaces of Borcea 

TYPE 

Recall that a K3 surface S with involution a is determined up to deformation 
by a triplet (r, a, S), where r is the rank of Pic (S)" . In this section, we compute r 
and a for K3 surfaces of Borcea type. By Proposition 2.2, r and a can be computed 
through the fixed locus S"' . 

Lemma 5.1. Let S"^ = Cg ULi U • • • UL^ be the disjoint irreducible decomposition 
of S'^ , where Cg is a smooth curve of genus g and Li, • • • , are rational curves. 
Then 

r = 11 — g + k, 
a = 11 — g — k. 

Direct computation of r often requires a basis for Pic (S) or at least for Pic (S) (E) 
Q. Since Pic (S) is usually difficult to determine, the fixed locus S"' is often easier 
to handle than the Picard group. 

In what follows, first we explain a general algorithm of computing g and k (and 
hence r and a). To describe the algorithm in detail, we choose K3 surfaces of 
Borcea type, namely those defined by Xq — f{xi,X2,X3). After that, we explain 
how to compute r directly by looking at the cr-action on Pic (S) (see Theorem 15. 5p . 
It has a merit that we can obtain a closed formula for r. 

Algorithm for the computation of g and k 

We explain how to compute g and k (and then r) for our K3 surfaces 5*. In this 
section and the next, we choose Sq to be a surface in ¥^{1110, wi,W2,'W3) defined by 
the equation 

xl = f{xi,X2,X3) or xlxi = f{xi,X2,X3) 

where a acts on it by a{xo) = —xq. We assume that Q = {wo,wi,W2,'W3) is 
normalized. The algorithm described in this section also works for more general 
K3 surfaces in F^{Q) with non-symplectic involution. 

Since Sq is singular, S is chosen to be the minimal resolution of Sq as in 

V^{wq,Wi,W2,W3) i V^{wo,Wi,W2,W3) 

u u 

5*0 < — S 

where P^(u'o, wi, W2, w^a) is a partial resolution of P'^(u'o, wi, W2, W3) so that S is 
non-singular. The curve Cg is the strict transform of the curve defined by xq = 
on So which is isomorphic to the curve f{xi,X2,X3) = in P^(wi, W2, ^3). The 
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rational curves Li are among those defined by letting either xi, X2 or xs, be zero, 
or from the exceptional divisors arising in the desingularization. The procedure is 
as follows. 

(i) The curve {xq = 0} on S'o is fixed by a. Since /(cci, 0:2, 0:3) = is quasi- 
smooth (and hence smooth) in P^('u;i, ^2, W3), its strict transform Cg is also fixed 
by a. The genus g can be calculated from d := deg/ and weight {wi,W2,'W3) once 
it is normalized (see examples below). For instance, one can use the formula: 

^ 1 / d^ - d V g'^'^(^»''^3) \ gcd(d, w,) _ \ 

2\WiW2W3 ^ WiWj J 

^ i>j i—i ' 



(ii) The locus {x\ — 0}, {x2 — 0} or {0:3 — 0} may be fixed by a depending on 
(wq, wi, i(;2 5 ii'3)- For instance, consider the case where is odd. If W2 and W3 are 
even (and W3 is necessarily odd), then the locus {x^ — 0} is fixed by a . In this case, 
the strict transform of the locus {x^ — 0} is ramified under the quotient S ^ S/a. 
It can be shown that this locus is a rational curve on S and contributes to a curve 
of Li's in Lemma |5. II 

(iii) The rest of the curves in L^s are from exceptional divisors in the minimal 
resolution S'o S. To find the divisors where a acts as identity, we look carefully 
at the (T-action around the singularities of S'o fixed by a. Every singularity P = 
{xq : xi : X2 ■ X3) on So has at least two coordinates zero. Hence P is fixed by a if 
and only if 

• it has three zero coordinates, or 

• it has exactly two zero coordinates with xq =0, or 

• it has exactly two zero coordinates and two non-zero coordinates xq, Xi, and 
if d = gcA{wQ,Wi) > 2, then Wo/d is odd and Wi/d is even. 

Combining information obtained in (ii) and (iii), we can calculate the number k 
and hence the invariants r and a by the formula given in Lemma 15. ip . 

Computation of g and k for surfaces Xq — f{xi,X2,X3) 

We consider surfaces Xq — f{xi,X2,X3) in detail. Since the minimal resolution 
S is a K3 surface, P is a cyclic quotient singularity of type An+i,n (or simply An) 
for some positive integer n. We obtain n exceptional divisors by resolving P. As 
P is fixed hy a, a sends every exceptional divisor to itself. However, the a action 
on each divisor is either -1-1 or —1, which depends on the singularity. The detail is 
explained in the following lemmas. 

Lemma 5.2. Let Sq : Xq = f{xi,X2,X3) be one of the 48 K3 surfaces deHned 
in Proposition 14.11 If wi > 2 and P — (0,1,0,0) is 012 So, then P is a cyclic 
quotient singularity of type A^^-^^^^^i {= Am^-i). Among the exceptional divisors 

arising from P, ramified divisors appear alternately and there are — ^ — of them, 

where [x] denotes the integer part of x. The same assertion holds for singularities 
(0,0,1,0) and (0,0,0,1). 



Proof. When P = (0,1,0,0) is a singularity, depending on /(xi, X2, X3), {xo,X2) 
or (xo,a;3) gives a pair of local coordinates around P. Assume that {xo,X2) is a 
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coordinate system. Since P is of type Aw-^.wi-i, the /i^ij-action above P can be 
written as 

with ( g iiyj^. By the quotient map Sq — > So/a, P is mapped to (0, 1, 0, 0) G So/a 
and the group action around this point is 

with Ho — Xq. Hence it is of type ^«,i.2(«;i-i) (or precisely, v4u,i,m)i~2)- In order 
to see how a acts on the exceptional divisors, consider the continued fractional 
expansions 

"'^ =2 and , , =1 ^ 



wi-l 1 2{wi - 1) 1 



1 1 
1 - - 



1 

2 4 



This shows that ii Ei + E2 + + ■ ■ ■ are exceptional divisor arising from P, then 

— 1 if i is odd 
—4 if i is even. 



aiE,) 



2 



By the projection formula, we see that a acts as identity (resp. —1) on Ei for even 
i (resp. odd i). Therefore the exceptional divisors Ei with even i are fixed by a 
and there are such divisors. □ 

Next, we discuss singularities with exactly two zero coordinates, one of which is 
Xq = 0. 

Lemma 5.3. Let So ■ Xq = f{xi, X2, x^) be one of the 48 K3 surfaces defined in 
Proposition 14.11 If d := gcd{wi,W2) > 2, then P = (0, a;i, X2, 0) with X1X2 7^ is 
a singularity of Sq and fixed by a. Among the exceptional divisors arising from P, 

ramified divisors and they appear alternately. The same assertion 



there are ^ 
holds for singularities (0, 2:1, 0, X3) and (0, 0, a;2, X3). 

Proof. When P — (0,xi,X2,0) is a singularity, (xq^x^) gives a local coordinate 
system around P; that is, P is a singularity of the quotient of an affine plane by 
the group action fid defined by 

{xo,X3)^{C"xo,C'X3) 

with C £ fid- Since the weight is normalized, gcd((i, u>o) — gcd((i, ws) — 1 and the 
fid action above can be written as 

(a;o,X3) I — > (C'^^'^xoXxs)- 

(Note that P is a singularity of type Ad^d-i-) By the quotient map Sq — > So/a, 
P is mapped to (0,xi,X2,0) € So/a. The group action around this point is 

{yo,x3)^{e^''~'^yo,C^3) 

with yo — Xq. Hence it is of type ^c;,2(d-i) {or precisely, Ad.d-2)- As in Lemma 
15.21 if i?i + i?2 + -E3 + • • • are exceptional divisor arising from P, then only the 
exceptional divisors Ei with even i are fixed by a. Therefore ramified exceptional 

2 



divisors appear alternately and there are [^^] such divisors. □ 
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Lastly, we look at the singularity with two zero coordinates and xq ^ Q. 

Lemma 5.4. Let Sq : — f{xi, X2, x^) be one of the 48 K3 surfaces defined in 
Proposition |4?TJ If d gcd(z«o, wi) > 2, then P = (zq, a;i, 0, 0) with xqXi 7^ is a 
singularity of So- It is fixed by a if and only if wo/d is odd and wi/d is even. Let 
El + ■ ■ ■ + Ed-i denote the exceptional divisors arising from P. Then a acts on Ei 

as identity (resp. by —1) if i is odd (resp. even). There are in total — divisors 

with odd i. The same assertion holds for singularities {xo, 0, X2, 0) and (xq, 0, 0, X3). 

Proof. Since Sq is quasi-smooth, one knows that P — {xq, xi,0,0) with xqXi 7^ 
is a singularity if and only if d = gcd{'Wo,wi) > 2. Let wq = duQ and wi — dui 
with gcd(uo,wi) = 1. To see if P is fixed by cr, there are three cases to consider: 
{uq,ui) — (even, odd), (odd, odd), (odd, even). Suppose that there is t such that 
= -1 and i"'! = 1. If uq is even and m is odd, then i"""!'* = (t"orf)«i ^ 
(—1)^1 — _1 and t^o«it^ _ j-^uid-jMo _ -|^^ which is absurd. By the same reason as 
above, (uo,mi) = (odd, odd) cannot happen either. If uq is odd and ui is even, 
then let C be a primitive 2d-th root of unity. We have C""" = {(^^^0 ^ (_i)"o = _i 
and = (C'')''^ = (-1)"' = 1- Hence there does exist t satisfying i'"" = -1 and 
^wi _ 2^ and P is fixed by a in this case. 

Choose {x2, xs) as a local coordinate system. P is isomorphic to the singularity 
of the quotient by the group action /i^ defined by 

where C, runs through /i^. Since the weight is normalized, gcd(c?, W2) = gcd(d, W3) — 
1 and the /id action above can be written as 

{X2,X3) I > {C'^^X2,CX3)- 

P is mapped to {xq, xi, 0, 0) G Sq/cj and the group action around this point is 

{X2,X3) I > {C''^^X2XX3) 

as above. But, since gcd(2wo,wi) = gcd(2duo, c?ui) = 2dgcd(uo, ui/2) = 2d, ( now 
runs through ^2d- Hence this singularity on So/a is of type ^2^,^-1- 
Consider two continued fractions 

d „ 1 , 2d ^ 1 
= 2 and = 4 - 



1 1 d- 1 1 
2 1 



1 1 
2 1 

This shows that i{ Ei + E2 + E3 + ■ ■ ■ are exceptional divisor arising from P, then 
only the exceptional divisors Ei with odd i are fixed by cr. Therefore ramified 
exceptional divisors appear alternately and there are [|] such divisors. □ 

Recall that r is the rank of Pic {Sy . If we have good knowledge of Pic (5') and the 
a action on it, then we can compute r without knowing S"^ . The following theorem 
shows that we can in fact find a closed formula for r by taking this approach. 



Theorem 5.5. Let (S, a) be one of the 48 K3 surfaces defined in Proposition 14.1 
as the minimal resolution of a hypersurface 

So: xl^ f{xi,X2,X3) CP3(Q) 
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where Q = (wo,wi,W2,w:i) and f is a homogeneous polynomial of degree wo + 
wi +W2 + W3. Recall r = rankPic (5*)°^. Let r(Q) denote the number of exceptional 
divisors in the resolution S — > So- Assume that rankPic {SoY = 1- 

(a) If Wo is odd, then there exists at most one odd weight Wi such thatgcd{'Wo, Wi) > 
2 and in such a case, gcd{wo,Wi) = Wi. We have 



Proof. Since Pic(5o) = Pic (5*0) §5 Q is generated by the liyperplane section 
{a;o = 0}, which is fixed by a. Its strict transform on S is also fixed by a and 
gives a one-dimensional subspace of Pic {S)" ® Q. The rest of it is generated by 
exceptional divisors. 

Possible singularities for 5*0 are either of the form (0 : xi : X2 : X3) with one or 
two zero coordinates or of the form (a;o : x\ : X2 x^) with 7^ and exactly two 
zero coordinates. Since the points with a;o = are fixed by a, every exceptional 
divisor E arising from a singularity {Q : xi : X2 x^) satisfies (j{E) = E. {a acts on 
E as ±1.) Such exceptional divisors form a part of a basis for Pic (5)*^. 

Consider a singularity (.tq : 3-i : X2 : 3:3) with xoXi ^ 0, gcd{wo, Wi) > 2 and 
other coordinates zero. It is fixcid by a if and only if t'^° = — 1 and t^' = 1 for some 
t. As xoXi ^ and other coordinates are zero, f{xi,X2,X3) contains a monomial 
solely in Xi. Hence Wi \ 2'Wo, where 2'Wo = deg /. Now we divide the proof according 
as the parity of wq- 

(a) Assume; that wq is odd. Then the normality of weight Q and the equality 
Wo = wi + 102 + W3 imply that there is exactly one odd for 1 < i < 3. For 
simplicity, assume that wi is odd and IU2 and W3 are even. 

(i) If gcd(«;o,Wi) > 2, then {xq : a;i : : 0) are singular points. Since 1 = 

(t""!)^" = (^t'^o^wi _ none of them is fixed by a. But, if we consider a cr- 
conjugate pair, it is invariant under a. There are two singularities of the form 
{xo ■ x\ : : 0), each of which is of type (As wi \ 2wo and wi is odd, we 

have gcd(«;o, ^^i) = wi.) Totally, there are 2{wi — 1) exceptional divisors arising 
from these singularities and wi — 1 conjugate pairs contribute to r = rankPic {S)"' . 
If gcd(wo,Wi) = 1, then (a;o : a;i : : 0) is not a singularity. 

(ii) Consider the case where gcd{'Wo,W2) > 2 and W2 is even, (xq : : X2 : 0) is a 
singularity. By letting t = —1, we see f^" = —1 and f^^ =1. Hence {xo : : X2 0) 
is fixed by a and so are the exceptional divisors arising from this point. This means 
that all exceptional divisors contribute to r. The same argument is valid for the 
singularities {xq : : : X3) with even w^. 

Therefore it follows from (i) and (ii) that r = r{Q) + 1 if there is no odd Wi with 
gcd{wo, Wi) > 2, and 




r{Q) — Wi+2 if gcd{wo, Wi) > 2 for some odd weight Wi (1 < i < 3) 
r{Q) + 1 otherwise. 



(b) If Wo is even, then let di = gcd(wo) "^i). We have 




r = r{Q) + l-{wi-l) 
if gcd(wo, Wi) >2 for some odd weight Wi. 



r{Q) -Wi + 2 
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(b) Assume now that wq is even. Then the normahty of weight Q and the 
equahty wo = wi + W2 + W3 imply that there is exactly one even weight Wi for 
1 < i < 3. For simplicity, let wi be even, and W2 and be odd. 

(i) Consider the point (a;o : Xi : : 0) with Wi even. Since gcd{wo,wi) > 2, it is 
a singularity. We see wi \ 2wo- 

If wi I Wq, then di = gcd{wo,wi) = wi and {{xq : Xi : : 0)} consists of 
two points, each of which is a singularity of type There arise 2{wi — 1) 

exceptional divisors from them and wi — 1 conjugate pairs are fixed by a. This 
means that the rank r is the number of exceptional divisors minus wi — 1. 

If Wi j/wo, then lcm(u'o,u'i) = 2wo and {xq : xi : : 0) is a singularity of type 
j4(Jj_i. This point is fixed by a and so are the exceptional divisors arising from it. 

In summary, the rank r is less than the number of exceptional divisors by 

-(*-)(i^-0-<*-"(^-')' 



(ii) Consider the points {xq : : 2:2 : 0) with W2 odd. They arc singularities if 
and only if gcd(wo, u>2) > 2. Here W2 \ 2?«o implies W2 \ wq and d2 — gcd(wo, ^2) = 
W2- Such singularities are of type Ad^-i- The multiplicity of (xq : : a;2 : 0) is 
2wo/lcm (uiQ, UI2) = 2 and they arc cr-conjugatc. Among the 2(w2 — 1) exceptional 
divisors, ^2 — 1 conjugate pairs are fixed by a. Hence rank r is less than the number 
of exceptional divisors by 



W2 

The same argument holds for the points (.tq : : : X3) with odd w^. 

Therefore the asserted formula of (b) follows from (i) and (ii). □ 

Remark 5.1. For the if 3 surfaces defined by Xq — f{xi,X2,X3), a acts as identity on 
the strict transform of the hyperplane section {ccq = 0}. On some other hyperplane 
sections, a may act as —1. But, if we regard them as divisors, they are invariant 
under the action of u. 

Example 5.6. (1) For Q = (7, 3, 2, 2), we find that wq is odd, r{Q) = 9 and no odd 
weight Wi with gcd(ii;o, Wi) > 2. Hence r = 9 + 1 = 10. 

(2) For Q = (15, 10, 3, 2), we find that wq is odd, r{Q) = 11 and gcd(15, 3) = 3. 
Hence r = 11 - 3 + 2 = 10. 

(3) For Q = (8,4,3, 1), we find that wq is even, r{Q) = 8 and di = 4. Hence 
r = 8 + 1 - (4 - 1)(2 • 4/4 - 1) = 6. 

(4) For Q = (10, 5, 3, 2), we find that wo is even, r{Q) = 12, di = 5 and d^ = 2. 
Hence r = 12 + 1 - (5 - 1)(2 • 5/5 - 1) - (2 - 1)(2 • 2/2 - 1) = 8. 

(5) For Q = (24, 16, 5, 3), we find that wq is even, r{Q) — 15, di = 8 and d^ = 3. 
Hence r = 15 + 1 - (8 - 1)(2 • 8/16 - 1) - (3 - 1)(2 • 3/3 - 1) = 14. 

Example 5.7. Take a look at the K3 surface #8 in Yonemura defined by the equation 

Sq: xl = xt + xl + xl^ CP3(6,3,2,1). 

The involution is defined by <t{xo) = —xq. 

We see that 5*0 is quasi-smooth and the minimal resolution S* is a K3 surface. 
Sq has four singularities, Pi, Pi, P2 and P2 as follows: 
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Singularity 


Type 


Exceptional divisors 


Pi := (1 : 1 : : 0) 


^3,2 


El + E2 


Pi := (-1 : 1 : : 0) 


^3,2 


e'i + e'^ 


P2 := (1 : : 1 : 0) 


^2,1 


E3 


P2 := (-1 : : 1 : 0) 


^2,1 





No singularity is fixed by a. There is a curve, C , fixed by a, which is defined 
by X = 0. C has genus 7. Its strict transform C {— C7) on S is ramified under a. 
We have 

S" ^ C7. 

Hence g ^7 and fc = 0. This implies that r = 11 -7 + = 4 and a = 11 -7-0 = 4. 

The four divisors on S fixed by a are, for instance, Ei+E^, E2 + E2, E^ + E^ and 
C7. But, by calculating the determinant of their intersection matrix, we see that 
they do not form a Z-basis for Pic(S')'^. To find a right basis, we need to choose 
for C7 the rational curve D defined by 3:3 = 0. Note that when D is considered as 
a divisor, it is fixed by a. 

Since D is a rational curve on a K3 surface, — —2. As the curve {X3 — 0} 
on 5*0 passes through every singularity, 

D.(Ei + e[) = D.{E3 + 4) = 2, D.{E2 + E^) = 0. 

Hence the determinant of the intersection matrix for the new basis is 



-4 


2 





2 


2 


-4 














-4 


2 


2 





2 


-2 



which agrees with the above calculation of a = 4. 

It is not too difficult to find some subgroup of Pic(S'o)'^, but very difficult to 
describe Pic(iS'o)'^ completely. Above calculations give us a clew to determine 
rank Pic (S'o)'^ over Q. In fact, let S be the minimal resolution of Sq and let E 
denote the subgroup of Pic (S) generated by the exceptional divisors of the resolu- 
tion. We have 

Pic(S')'^ = Pic(S'o)''eE'^. 

Groups E and E'^ are easily describable and the rank of Pic (S')'^ may be computed 
from the fixed part Sq by Lemma 15.11 as 

rankPic {SaY = rankPic {Sy - lankE" = 11 + fc - g - rankE"". 

Hence if one already knows this number of divisors in Pic (S'o)'^, then these divisors 
form a basis for Pic {Soy over Q. 

Corollary 5.8. Let {S,a) be one of the 48 K3 surfaces with involution a dehned 
by a hypersurface of the form Xq = /(a;i,a;2,a;3) where a acts by cr{xo) = —xq. Let 
S'^ = CgU LiU . . .U Lk be the disjoint decomposition of S"', where Cg is a smooth 
genus g curve and Li, • • • , Lk are rational curves. 

Suppose that f is defined by three monomials, so that S is of Delsarte type. 
Then the Jacobian variety J{Cg) of Cg is also of CM type. 



Proof. In this case Cg is defined by putting xq = 0. So Cg is defined by three 
monomials and is realized as a Fermat quotient. □ 
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In the next section, we discuss another type (non-Borcea type) of our KS sur- 
faces. Putting an emphasis on the differences from the case Xq = /(xi, X2, a^s), we 
sketch the outhne of our algorithm. 



6. Computations of Nikulin's invariants for surfaces of 

non-Borcea type 

In this section, we compute r and a for K3 surfaces of non-Borcea type, namely 
for a quasi-smooth K3 surface Sq in V^{wo,wi,W2,W3) defined by the equation 

(6.1) xlxi = f{xi,X2,X3) 

for some i (= 1,2,3). Let S be the minimal resolution of Sq. Write Cg for the 
strict transform of the curve defined by a;o = 0, which is isomorphic to the curve 
f{xi,X2,X3) = in P^(w;i, i/;2, wa). We assume that /(a^i, 2^2, a^a) = is quasi- 
smooth (hence smooth) in ¥'^{wi,W2,'W3) after normalization of the weight. 

Since Q — (wq, wi, W2, W3) is normalized, every fixed point in Sq must have at 
least one zero coordinate. There are four cases to consider. 

(i) The curve {xq = 0} on Sq is fixed by a. Since f{xi,X2,X3) = is quasi- 
smooth in P^(wi,W2, W3), its strict transform Cg is also fixed by a. The genus g 
can be calculated from deg/ and weight (k;i,W2,W3) as in the previous section. 

The rational curves Li oi S'^ = Cg U LiU ■ ■ ■ U Lk are obtained by letting xi, X2 
or X3 be zero, or from the exceptional divisors arising in the desingularization. 

(ii) As in the case of K3 surfaces of Borcea type , the one-dimensional locus 
{xi = 0}, {x2 = 0} or {x3 = 0} may be fixed by a. In addition to them, there 
may be another one-dimensional locus fixed by a; it has two zero coordinates, one 
of which is Xi of (|6.ip . 

For instance, consider a surface XqXi = f{xi,X2,X3) with /(O, 0,2:3) — 0. If wq 
is odd and W3 is even, then the locus {xq : : : X3) is a line and fixed by a. Its 
strict transform on S is also fixed by cr, which gives one Li of Lemma |5. II 

(iii) The rest of the curves in LiS are obtained from exceptional divisors in the 
resolution Sq i— S. The singularities discussed in Lemmas 15.21 15.31 and 15.41 also 
exist on surfaces (|6.1|) and by the same procedure as described there, we can find 
those divisors fixed identically by a. 

(iv) In addition to the singularities of (iii), we now have a singularity (1:0:0:0) 
on the surface XgXi — /(xi, X2, 2:3). The exceptional divisors arising from it and 
fixed by a are determined as follows. 

Lemma 6.1. Let Sq : x^Xi — f{xi,X2,X3) be one of the K3 surfaces obtained 
in Theorem 14.21 Then P = (1,0,0,0) G Sq is a (cychc quotient) singularity of 
type A^g^^g^i. Let Ei + ■ ■ ■ + -Eu,o-i be the exceptional divisors on S arising from 
P e 5o. On the quotient So/a, we see that cr(P) is a singularity of type A2w„,wo-i 

or ^ti;o,2(ji;o-l)- 

(1) Ifa{P) is of type A 

2ioo,ioo-i> then a acts on Ei as identity if and only if i is 

— - such divisors in total. 
. L 2 J 

(2) If (j{P) is of type A^^ 2(wa-i)j then a acts on Ei as identity if and only if i 
Wq - 1- 



odd. There exist 
(2) Ifa{P) is 

is even. There exist 



such divisors in total. 
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The type of singularity at cr{P) is determined as follows according to the parity 
of weights: 





Wo 




Wj Wk 


Type ofa{P) 


(a) 
ib) 


even 
even 


even 
odd 


odd odd 
odd odd 


-^2iJJo jWq — 1 
-^2iJJo ,Wo — 1 


(c) 


odd 
odd 


odd 
odd 


even odd 
odd even 


-^2100 ,wo — 1 
-^2iiJo ,wo — 1 


id) 
id)' 


odd 
odd 


even 
even 


even odd 
odd even 


^U!0,2(ll!o-l) 



Proof. Since wq > 2 and S is K3, P = (1, 0, 0, 0) is a cyclic quotient singularity of 
type Aj^g^uiQ-i- From the equation x^Xi = /(xi, a;2, ^3), we can choose variables xj 
and Xk, different from xq and Xi, as local parameters around P. The /LtujQ-action at 
P is then written as 

{x,,xk)^ir^x„c'xk). 

As deg / — 2wo + Wi and Q is a K3 weight, we have 2wo + Wi = wo + Wi + Wj + 
Wk- This implies wq = wj + Wk and, because Q is normalized, gcd{wo, Wj) — 
gcd{wo,Wk) ~ 1- In particular, the congruence w^a = Wk (mod wq) has solution 
a = — 1 (mod Wo)- Now P is mapped to (1,0,0,0) G So/cr and the group action 
around this point is 

{x,,xk)^{r'x„c'xk) 

where ^ ranges over fj,2wo- To find out the type of singularity at (j{P), we divide 
the case according to the parity of weights. The cases (c) and (c) , (d) and (d) are 
essentially the same, so we discuss cases (a), (b), (c) and (d). 

In (a) and (b), wo is even. Since wo — wj +Wk, both wj and Wk are odd. Hence 
weight (2wo,Wi,Wj ,Wk) is normalized and the singularity (1,0,0,0) £ So/cr is of 
type A2W0.W0-1- As in Lemma 15.41 we see that a acts on Ei as identity if and only 
if i is odd, and there are [it;o/2] such divisors. 

In (c). Wo is odd. Since wo = Wj+Wk, Wj and Wk have different parity. Because Wi 
is odd, the weight {2wo, Wi, Wj, Wk) is normalized. Hence the singularity (1, 0, 0, 0) € 
So/cr is of type A2wo,wo-i- As in Lemma 15.41 a acts on Ei as identity if and only 
if i is odd, and there are [wo/2] such divisors. 

In (d), Wo is odd. Since wo = wj + Wk, either Wj or Wk is even, say Wj is 
even. Because Wi is even in this case, {2wo,Wi,Wj ,Wk) is not yet normalized. By 
normalization 

P3 (2 wo , w, , , Wfc ) = p3 (wo , Y , ^ , u'fe ) 
the group action around (1, 0, 0, 0) G So/cr is now written as 

{x,,Xk)^{C'^'xj,C''Xk) 

where ^ ranges over ^^g. As gcd(ti;o, Wj/2) — gcd{wo, Wk) ~ 1 and wo — wj + Wk, 
we have the congruence 

W ' 

-^2{wo-l) = Wk (mod Wo)- 

This shows that (1,0,0,0) G 5*0/0" is of type A^g 2{wo-i) (^ be more precise, type 
^M>o,Mio-2)- As in Lemma 15.31 cr acts on Ei as identity if and only if i is even, and 
there are [(wq — l)/2] such divisors. □ 
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We combine (ii), (iii) and (iv) to calculate the number of rational curves Li. 
Then Lemma 15.11 gives the value for r and a. However, we are not able to obtain 
closed formula for r (similar to the formula obtained in Theorem 5.5) for these 
non-Borcea type Ki surfaces. 

Example 6.2. Consider the if 3 surface #60 in Yonemura. Dropping several mono- 
mials, we choose the equation 

Sq: xlx2 + xl+xixl+xf C P^(7,6,4, 1). 

The involution is defined by cr(xo) = —xq. We see that So is quasi-smooth and the 
minimal resolution S" is a A'3 surface. 5*0 has three singularities, Pi, P2 and P3 as 
follows: 



Singularity 


Type 


Exceptional divisors 


Pi 
P2 
P3 


= (1 
= (0 
= (0 


0:0:0) 
0:1:0) 
-1:1:0) 


^7,6 
A24 


El + E2 + + E4 + + Eq 

Ej -\- Eg + Eg 

Eio 



Every singularity is fixed by cr, and E2, E4, Eq and Eg are ramified under a 
(acting on the minimal resolution S). 

There are two curves on Sq fixed by cr, namely C defined hy xq — and L 
defined by w = 0. C has genus 3 and L is a projective line. Their strict transforms 
C {— C3) and L on S" are ramified under a. We have 

S"" = C3 U P2 U P4 U Sfi U Pg U L. 

Hence (7 = 3 and = 5. This implies ?■ = 13 and a — 3. 

Example 6.3. Consider the K3 surface #89 in Yonemura. Dropping several mono- 
mials, we choose the equation 

So ■■ xlx3 + x\x2 -)- xrx\ + 41 = C P^(5, 3, 2, 1). 

The involution is defined by (j(xq) = —xq. We see that 5*0 is quasi-smooth and the 
minimal resolution S" is a K?) surface. Sq has three singularities. Pi, P2 and P3 as 
follows: 



Sin| 


jularity 






Type 


Exceptional divisors 


Pi 


= (1:0 





0) 


^5,4 


El + E2 + E3 + E4 


P2 


= (0:1 





0) 


^3,2 


E5 + Eq 


P3 


= (0:0 


1 


0) 


^2,1 


Ej 



Every singularity is fixed by cr, and E2, E4 and Eq are ramified under a (acting 
on the minimal resolution S). 

There are two curves on Sq fixed by cr, namely C defined by oiq = and L 
defined by xi — X3 — 0. C has genus 5 and L is a projective line. Their strict 
transforms C (= C5) and L on S are ramified under cr. We have 

^C5UE2UEiUE6U L. 

Hence g = 5 and k — A. This implies r = 10 and a — 2. 

Corollary 6.4. Let {S, cr) be one of the 86 K3 surfaces of Delsarte type with 
involution a. Let Cg he the genus g curve in the fixed locus S"^ = Cg U Li • • • U Lfc 
(where Li are rational curves). Then Cg is of CM type in the sense that its Jacobian 
variety J{Cg) is a CM abelian variety of dimension g. 
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Proof. If cr acts as a{xi) — —Xi on S, then Cg is defined by letting Xi = 0. It is a 
curve of Delstarte type and hence of CM type. □ 

6.1. Realization of Nikulin's invariants. We briefly discuss how many Nikulin's 
triplets (r, a, 6) can be realized by our K3 surfaces. To realize as many triplets as 
possible, we introduce more involutions than those considered in previous sections. 

First, we summarize the results of previous sections where a acts on the variable 
xq (with the highest weight among x^'s). 

Theorem 6.5. Let {S, cr) be one of the 92 K3 surfaces in Theorem 14.21 with invo- 
lution a{xo) = —Xq. Among the 75 triplets {r,a,d) of Nikulin, at least 29 triplets 
are realized with such K3 surfaces. See Tables [T] to [5] and [7] of Section [13] for the 
list of defining equations of So and the values for (r, a); in most cases, So is defined 
by 

xl = fixi,X2,X3) or xlxi ^ f{xi,X2,X3). 

Remark 6.1. We say "at least 29" because we computed only the invariants r and 
a. If we are to find 5, we should have a Z-basis for Pic {S) or calculate intersection 
numbers of divisors on S. We leave this as a future problem. Once S is calculated, 
the number of realizable triplets may increase. 

When Q is fixed and a is defined by a{xo) — —xq on the surface Xq = /(xi, 0^2, 2:3) 
or XqXi = f(xi,X2,X'i), no matter what quasi-smooth equation we choose for 
/(xi, X2, ^3), the fixed locus S"^ is the same. Hence changes in equation f{xi, X2, X3) 
do not lead to any new pairs of r and a. 

On the other hand, even with the same Sq, changing involution a often changes 
the fixed locus S"^ , which has a possibility that we obtain a different pair of r and 
a. We use this approach by letting cr act on some variable Xi other than xq. 

Theorem 6.6. Let {S, a) be one of the 92 K3 surfaces in Theorem 14.21 having an 
involution a on a variable Xi other than xo. They are listed on Table [5] in Section 
[13] with values for r and a. Compared with the triplets obtained in Theorem 16. 5i 
at least 14 more triplets are realized with such a actions. Among the 75 triplets 
(r, a, S) of Nikulin, the total number of triplets we realize is at least 40. The values 
for r and a of such 40 triplets are as follows: 



r 


1 2 


3 4 5 6 


7 


8 9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


a 


1 


1 2 


3 


6 1 





1 


6 


3 


2 


5 


2 


1 





1 


2 




2 


4 


7 


8 9 


2 


9 


8 


5 


4 


7 


6 


3 


2 


3 














4 






9 


6 






5 


4 
















6 

8 























Proof. The cr-fixed locus Sq can be determined by the same method as in Sections 
[5] and [6] In particular, the singularities of So are independent of the choice of a. 
We use Lemmas 15. 2[ 15. 3[ 15.41 and 16.11 to find which exceptional divisors are fixed by 
involution a. □ 



Remark 6.2. In some cases (say. Case #57), the cr-action on Xi {i ^ 0) gives the 
same 5'°' as the action by cr(xo) — —xo- Such cases are omitted from Table [9] 
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Remark 6.3. Hisanori Ohashi has communicated us an idea of even more different 
types of involutions on 5*0 . We thank him for the idea and plan to work on it in a 
subsequent paper. 

7. Realization of Calabi-Yau threefolds as hypersurfaces over Q 

First we describe general construction of Calabi-Yau threefolds from product 
threefolds. 

Let E be an elliptic curve over Q with involution t. Let (5, a) be a A'3 surface 
with involution a defined over Q. Suppose that E and S have defining equations 
of the form 

E : — g(x, z) with involution L{y) = — y, 

S : — f{u,v,w) with involution (t{s) — ~s 

where g{x, z) is a homogeneous cubic polynomial over Q in P^(l, 1), and f{u, v, w) 
is a homogeneous polynomial over Q in (91, 92, (73) with some weight {qi,q2,q3) 
giving rise to a K3 surface S. Then the product threefold E x S is defined by 

{syf = 9{x,z)f{u,v,w) 

with involution t x cr in some weighted projective 4-space. The singularities are de- 
termined by weights. Perform resolution of singularities, to get a crepant resolution 
X, which is a Calabi-Yau threefold. We will have a model for X defined over Q. 

Now we will consider more explicit construction of Calabi-Yau threefolds, using 
twist maps (see Goto~Kloosterman-Yui [9 for details). 

Let P^(fc + 1, fc, 1) be a weighted projective 2-space with weight(fc + 1, k, 1) of 
degree 2{k + l). Let P^{wo,wi,W2,W3) be a weighted projective 3-space with weight 
{wqjWi, W2, W3) of degree d :— X]^=o Define a twist map: 

P^(fc + l,fc, 1) X ¥^{WQ,W1,W2,W3) 

^ F'^{kwo,wo, (fc + (fc + l)w2, (fc + 1)W3) 
into a weighted projective 4-space with degree (fc -I- l)d. This will produce many 
Calabi-Yau threefolds defined by hypersurfaces in weighted projective 4-spaces. 
Take fc = 1. Then we have an elliptic curve 

:%' = yi+2/2 CP'(2,1,1), 

and if we take k ~ 2, we obtain an elliptic curve 

E3:yl = yl + ylcr\3,2,l). 

Both E2 and E3 have complex multiplication, by Z[-\/— 1] and Z[-\/— 3], respectively. 

Proposition 7.1 (Borcea [4]). Let E2 : yi ^ yf + y^ C p2(2,l,l) and E3 : 
2/0 = 2/1 + 2/2 C P^(3, 2, 1) be elliptic curves. Let S* : Xg = f{xi,X2,X3) C 
F^{'Wo,wi,W2,W3) be one of the 40 K3 surfaces from Tables [1] and [2l 

(a) Suppose that wo is odd, and that wq — wi + W2 + W3. Then there is a twist 
map 

P2(2, 1, 1) X V^WQ,wi,W2, W3) > V^{wo,wo,2wi,2w2,2w3) 

given by 

(2/0 : 2/1 : 2/2) X {xo ■.xi:x2: X3) ^ (2/i(— )^^^ : 2/2( — )^^^ : Xi : X2 : X3) 

2/0 2/0 
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The product E2 x S maps generically 2 : 1 to the hypersurface of degree Awq of the 
form 

where f is a homogeneous polynomial over Q of degree 4wo- This is a singular 
model for a Calabi-Yau threefold E2 y< S/l x a in F'^{wo, wq, 2wi,2w2,2w3). 

(b) Suppose that wq is even but not divisible by 3, and that wq = wi + W2 + W3. 
Then there is a twist map 

P2(3, 2, 1) X V^wo,wi,W2, W3) > V^{2wo, u;o, 3u;i, 3^2, 8^3) 

given by 

{yo ■ yi ■ 2/2) X (xq ■.xi:x2- X3) {yi{—f^^ ■ y2(— )^^^ -. xi -. X2 ■ x^) 

yo yo 

The product x S maps generically 2 : 1 to the hypersurface of degree Gwq of the 
form 

where f is a homogeneous polynomial over Q of degree Gwq. This is a singular 
model for a Calabi-Yau threefold E3 x S/l x a in f'^[2wQ^ wq, 3wi, 3w2, 3w3). 

Problem 1. When wq is divisible by 6, describe the twist map exphcitly and con- 
struct hypersurface defining equations for Calabi-Yau threefolds modifying twist 
maps. 

Theorem 7.2. There are in total 40 Calabi-Yau threefolds realized by quasi- 
smooth hypersurfaces over Q in weighted projective 4 spaces by the above con- 
struction. On the other hand, if S is one of the 45 K3 surfaces of Tables [1] to [3] 
other than #90, #91, #93, then the associated 45 Calabi-Yau threefolds are all of 
CM type. 

Proof. Recall that the space of harmonic forms on a product is the tensor product 
of the corresponding spaces of harmonic forms of the components. Therefore, the 
Hodge structure hx of a Calabi-Yau threefold X is given by the tensor product 
of the Hodge structures He and hs of the components E and S respectively. We 
know that hx = hs ^ hs is oi CM type if and only ii He and hs are of CM type. 
With our choice of E and S, E — E2 or E3 is of CM type, and S is of CM type. 
Therefore, X is of CM type. □ 

For the additional 41 pairs {S, l) of K3 surfaces with involution a of Theorem 
14.31 (b) (see Tables IH [5] and [6|) , the situation is slightly different from the above 
cases. Calabi-Yau threefolds X are birational to hypersurfaces over Q, but they 
are not quasi-smooth. More precisely, we have the following result. 

Theorem 7.3. Let (S, a) be one of the 41 pairs of K3 surfaces with involution a 
of Theorem 14.31 (b), which is not in the list of Borcea. Let E be an elliptic curve 
over Q with involution l with or without CM. Take the product E x S and consider 
the quotient threefold E x S/l x a. Resolving singularities, we obtain a smooth 
Calabi-Yau threefold X over Q. Further, X is of CM type if and only if E is of 
CM type. 

About the realization of X as a hypersurface, the following holds. 
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(a) If {S, l) is one of the K3 surfaces listed in Tables |4] and [5] other than #22 
and #58, then S is defined by x^Xi + /(a:i, X2, xa) — for some i ^ and X is 
birational to a (non-quasi-smooth) hypersurface over Q defined by 

Zi+i{zq + zf) + f{z2,Z3, Z4) = if Wo is odd and E ^ E2 

Zi+i{zQ + zf) + f{z2, z^, Z4) = if wq is even but not divisible by 3 and E — E3. 

(b) Let {S, l) be one of the K3 surfaces listed in Table [6] other than #16. If we 
choose E = E2, then X is birational to the following (non-quasi-smooth) hypersur- 
face over Q: 

' (z4 + z4)2 +z3^zl + zl = in #2 

< (4 + + ^ Z22| + Z3z| = in #52 
^ Z3(z^ + zf f + z| + Z2zl + z^Zi ^ in #84. 

Proof. Since the singular locus of E' x 5/t x tr is defined over Q, resolving singulari- 
ties, we obtain a smooth Calabi-Yau threefold X over Q. Here X is not necessarily 
of CM type. By the same argument as for proof of Theorem [721 X is of CM type if 
and only if each compoment, E and 5, is of CM type. Since we already know that 
S is of CM type, X is of CM type if and only if is a CM elliptic curve over Q. 

(a) If we choose an appropriate elliptic curve E, then the twist map of Proposition 
l7.1l works for Xq = —f(xi, X2, xz)lxi. Depending on the parity of wq, we obtain the 
equations as claimed. 

(b) Since the variable associated with the involution a carries an odd weight, 
we may choose E = E2. Then the twist map of Proposition 17.11 (a) works for 
Xq = ^y—f(xi^X2, X3) or Xq — — f(xi,X2^xz) / Xi and we obtain the equations as 
asserted. □ 

Remark 7.1. Note that K3 surfaces 5* realized by Yonemura in weighted projective 
3-spaces are often singular. To have smooth K3 surfaces, we ought to consider 
minimal resolutions S. The involution a is lifted to S and we use S to carry out 
the above construction of Calabi-Yau threefolds X. The procedure is shown as 
follows: 

Ex S < — E X S 

i 

ExS/iXa < — X 

8. Singularities and resolutions on Calabi-Yau threefolds 

Let S" be a K3 surface defined by a weighted hypersurface 

S : xl^ fixi,X2,X3) C V^{wq,wi,W2,W3) 

of degree deg(/) = wo+wi+W2-\-W3. The involution ct is given by cr(a;o) = —xq. The 
singularities on S are determined by the weight. Let S be the minimal resolution 
of S. The involution a is extended to S. Let S"' be the fixed part of S by a. 
Let E be an elliptic curve 

E2:yl = yt + ytcV^i2,l,l) 

or 

E3:yl^yf + ytc¥\3,2,l). 
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The involution l is given by 1(2/0) = —yo- The fixed part consists of four points 

= {P,,P2,P3,P4}. 

We use for E either E2 if wq is even, or £"3 if wq is odd. Take the quotient 
threefold E x S. 

Let X be a smooth resolution of E x S / b x a. Then the singular loci {Pi] x S" 
are determined from the weight of S and the singularity data of the ambient space. 

Here are examples. 
Example 8.1. Let 

S -.xl^xl+xl+xf d P3(5, 2, 2, 1). 
(This #6 in Yonemura =#2 in Borcea.) Let 

E2:yl = yt + yt^V\2,l,l). 

• Then S is singular A'3 surface and the singular locus is: 

Sing(5) ^{{Q:xi:x2:0)\x\ + xl = {)} = {Q^,Q2, Qs^Qi, Q5} 

where every Qi is a cyclic quotient singularity of type Ai. 

• Let C be a curve on S defined by = 0, that is, 

C = {xo = 0} ■■ xl + xl, + xl° = C P2(2, 2, 1). 
Since ¥^{2, 2, 1) ~ F^{1, 1, 1), C is identified with 

C -.xl + xl+xl^OcF^ 

which is a smooth curve of genus 6. 

• Let L be a curve on S defined by ^3 — 0, that is, 

L = {x3 = 0} : xl ^ xl + x^2 ^¥^{5,2, 2). 
Since p2(5, 2, 2) ~ P^{5, 1, 1), L is identified with 

L:xo=xl+xlc P^(5,l,l) 

and hence L is a rational curve. 

• We see that 

CnZ = {Qi,Q2,Q2,Q4,Q5}- 

• Let S be the minimal resolution of S. The involution a is lifted to S. Let Cg 
and Li be the respective strict transforms of C and L to the minimal resolution S. 
Let £1, • • ■ ,£5 be the exceptional divisors on S arising from singularities Qi, {i = 
1, • • • ,5), respectively. 

Then Cg and Li are fixed by cr, but not the exceptional divisors £i for any 
i € {1,2, • • • ,5}. Hence 

S" = Cq\J Li 

and we see g = 6 and k = 1 (so r = 6, a = 4) in the Voisin notation. The resolution 
picture is given in Figure [2j where the curves in boldface are fixed by a. 

Proposition 8.2. Let X he a crepant resolution of the quotient threefold E2X S / txa 
of Example 18.11 Then X is a Calabi~Yau threefold X corresponding to the triplet 
(6, 4, 0), and its exceptional divisors are four copies of the ruled surfaces 

(C X Pi) U{Lx Pi). 
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Figure 2. Exceptional divisors and the fixed locus 
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Figure 3. Exceptional divisors and the fixed locus 

Example 8.3. Consider the surface 

S -.xl^ xlx3 + xl + xf C P^(14, 9, 4, 1). 
This is #45 in Yonemua=#36 in Borcea. Let 

• The surface is a singular if 3 surface. There are two singular points: 

Q:= (0:1:0:0) oftypeAg^g, 

and 

:= (1 : : 1 : 0) oftypeAa,!. 

• Let C be the curve on S defined by xo = 

C = {xo = 0} : xlx3 + 4 + xf = C P2(9, 4, 1). 

Then C is a quasi-smooth curve with singularity Q. 

• No other curves defined hy Xi = {i ^ 0) are fixed by the involution a. 

• Let S be the minimal resolution of S. Then 5 is a smooth K3 surface and the 
involution a is lifted to S. Let Cq be the strict transform of C to S; it has genus 
6. Let £i, - ■ ■ ,£s be exceptional divisors arising from singularity Q. Let £q be the 
exceptional divisor arising from R. Then £"21 (i = 1,2,3,4) and £9 are fixed by a 
but not others. 

Put Li ■.= £2i{i^ 1,2,3,4) andi5 -.= £9. Then 

^CULiU---UL5. 

So g = 6 and fc = 5 (so r = 10, a = 0) in the Voisin notation. The resolution picture 
is given in Figure [31 where the curves in boldface are fixed by a. 

• The quotient threefold E3 x S/l x a has singularities along {Pi} x S"' where 

El, = {Pi,P2,P3,P4}. 
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Summarizing the above, we have 

Proposition 8.4. A crepant resolution X of the quotient threefold E3 x S/l x <j of 
Example 18.31 is a Calabi-Yau threefold corresponding to the triplet (10,0,0), and 
its exceptional divisors are four copies of 

(C X Pi) U (Li X Pi) U • • • U {L5 X Pi). 

Example 8.5. Consider the surface 

S -.xl^xl+xl^ + xl^ C P^(15, 10, 3, 2). 

This is #11 in Yonemura =#18 in Borcea. Let 

E2:yl = yt + ylcV^i2,l,l). 

• 5' is a singular K3 surface and singularities are 

(3i,Q2,(33 = (0 : a;i : : X3) of type ^2,1, 
R := {xq : xi : : 0) of type ^5^4, 

and 

Ti, (a;o : : X2 : 0) of type ^3,2. 

• Let C be the curve on 5* defined by = 0: 

C ^{xo = 0}: xl + xf + xf =0(1 P2(10, 3, 2). 
Via the isomorphism p2(10, 3, 2) ~ p2(5, 3, 1), C is identified with 
C -.xl+xl+xf = P^(5, 3, 1). 

• Let L be the curve on S defined by X2 — 0: 

L = {x2^()) ■.xl = xl+ xf C P^(15, 10, 2). 
Via the isomorphism p2(15, 10, 2) ~ p2(3, 1, 1), L is identified with 

L : xo^ xl+xlc P2(3, 1,1). 

• C has genus 4 and L is rational with 

CnZ = {Qi,Q2,Q3} and i? e Z. 

• Let S be the minimal resolution of S. The involution a is lifted to S. Let C and 
Li be the strict transforms of C and L on S*, respectively. Let £i {i ~ 1, 2, 3) be the 
exceptional divisors arising from singularities Qi {i = 1, 2, 3), £4+^ (j = 0, 1, 2, 3) be 
the exceptional divisors arising from R, and £s+t (t — 0,1,2,3) be the exceptional 
divisors arising from singularities Ti , T2 . 

• C, Li, £5 =: L2 and £7 =: L3 are fixed by a, but all others are not. Hence 

^ CU LiU L2U L3. 

So g — 4: and fc = 3 (so r = 10, a = 4) in the Voisin notation. The resolution picture 
is given in Figure 21 where the curves in boldface are fixed by a. 

• The quotient threefold E2 x S/l x a has singularities {Pi} x S"^ (i = 1, 2, 3, 4) 
where E^ = {Pi, P2, P3, Pi}- 

Proposition 8.6. A crepant resolution X of the quotient threefold E2 x S/l x a of 
Example 18.51 is a Calabi-Yau threefold corresponding to the triplet (10,4,0), and 
its exceptional divisors are four copies of ruled surfaces: 

(C X pi) U (ii X pi) U {L2 X pi) U {L3 X pi). 
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Figure 4. Exceptional divisors and the fixed locus 

9. The automorphy of Calabi-Yau threefolds over Q 

Let X be one of our Calabi-Yau varieties (elliptic curves, surfaces, or Calabi- 
Yau threefolds). Let d be its dimension = 1,2, or 3. We will analyze the Galois 
representation associated to the middle dimensional £-adic etale cohomology group 
H^f.{X,Qi), where ^ is a prime. 

We say that p is a good prime if X has a model with good reduction Xp at p. Then 
Xp is a smooth Calabi-Yau variety over F^. The absolute Galois group Gal(Q/Q) 
acts on X := X 0q Q, and one has an induced action on the cohomology group 
Hl^{X ,Qi) {0 < i < 2d) of X, where £ is a prime different from p. This defines a 
continuous £-adic representation p : Gal(Q/Q) — > GLr{Qe) of some finite rank r. 
For a good prime p the structure of this Galois representation can be studied by 
passing to the reduction Xp. The Frobenius morphism Frobp induces a Q^-linear 
map p(Frobp) on Hlt{X,Qi) {i, < i < 2d). Let 

P;(X, p, t) det(l - p(Frobp) \ Hi, (X, Q,)) 

be the characteristic polynomial of p(Frobp), where t is an indeterminate. Then it 
is known that Pp{X,p,t) G 1 + Z[t] has degree Bi{X) (the i-th Betti number of 
X) and that its reciprocal roots are algebraic integers with complex absolute value 
p*/^ (the Riemann Hypothesis for Xp). For each z, < i < 2d, we define the i-th 
L-series by 

In particular, the most important one is the middle-dimensional L-series L^^X, s). 
We will now define a motivic L-series as follows. 

DefinitAon 9.1. Let X be a Calabi-Yau variety of dimension d defined over Q. 
Consider the d-th etale £-adic cohomology group Hf,{X ,Qi). Let be a motive 
of X. Suppose that M is defined over Q. Let H^,{M,Qi) be the etale ^-adic 
realization of A4. Let 

P^{M, p, t) := det(l - p(Frobp) 1 1 Hf,{M, Q,)). 

Then the motivic d-th i-series of M. is defined by 

If there is no danger of ambiguity, we may simply write L{M.,p, s) dripping the 
subindex d. 
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Lemma 9.1. (a) Let d — 2. Let S be one of the 86 K3 surfaces defined over Q in 
a weighted projective 3-space F^{wo,wi,W2,W3) given in Theorem 14.31 Then the 
K3 motive Ai s is the unique motive associated to the weight. 

(b) Let d = 3. Let X be one of our Calabi-Yau threefold defined over Q in a 
weighted projective 4-space P^(i(;o, wi, W2, ws, W4). Then the Calabi-Yau motive 
Aix is the unique motive associated to the weight. 

For proof of Lemmas, the reader is referred to Gouvea and Yui [TO] , 

Definition 9.2. The unique motive Mz with = h'^'^{Mz) = 1 is called 

the if 3 motive if d = 2, and the Calabi-Yau motive if c? = 3. 

The main results of this section, namely, the modularity (or automorphy) of 
Calabi-Yau motives, are formulated as follows. 

Theorem 9.2. Let {S, a) be one of the pairs of the 86 K3 surfaces with involution 
given in Theorem l4.3l Let E be an elliptic curve over Q with involution l. Let X be 
a crepant resolution of the quotient threefold E x S/ l x a. Then X is a Calabi-Yau 
threefold with a model defined over Q. 

Moreover, X is modular (automorphic) in the sense of Arthur and Clozel [T]. 
That is, the L-series L{Aix,P, s) of the Calabi-Yau motive A4x is determined by 
an automorphic representation. 

Specializing further, we have the following result. 

Theorem 9.3. Let {S,(t) be one of the 86 K3 surfaces with involution a listed in 
Theorem 14.31 Let S be the minimal resolution S. Then S is defined over Q, and 
is of Delsatre type, so it is of CM type. Let E be an elliptic curve E2 or E3 with 
involution l. Consider the quotient threefold E x S/i, x a, and let X be its crepant 
resolution. Then X is a Calabi-Yau threefold and has a model defined over Q. 

Furthermore, X is of CM type, and it is modular (automorphic) in the sense of 
Arthur and Clozel, i.e, the Calabi-Yau motive A4x is automorphic. 

Since any elliptic curve E over Q is modular, without the assumption that E is 
of CM type, we have the following most general results. 

Theorem 9.4. Let {S, a) be one of the 86 pairs of K3 surfaces with involution a 
defined over Q in Theorem 14.31 Let [E, i) be an elliptic curve defined over Q. Let 
X be a crepant resolution of the quotient threefold E x S/ l x a. Then X has a 
model defined over Q, and satisfies the following: 

(a) Associated to E, there is a cusp form Je of weight 2 obtained from the 
2-dimensional automorphic representation in 21(GL2(Aq)). 

(b) Associated to the K3 motive A4s of S, there is the automorphic form 
obtained from the automorphic induction I{A4s) in 21(G'L;p(^-)(Aq)) for 
some d 

(c) The Calabi-Yau motive Aix of the Calabi-Yau threefold X is given by 
Aix ^ E (E) Ais Bind is defined over Q. Associated to A4x, there is the 
automorphic form Je ® I{Ms) in ^{GL2^(d){^(})))- 

(d) The Calabi-Yau motive Mx is modular in the sense of Arthur and Clozel. 

Remark 9.1. There are other motives of a Calabi-Yau variety X beside the Calabi- 
yau motive Aix- The L-series of etale £-adic realizations of these other motives 
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are also modular (automorphic) , indeed, they are all induced by the GLi automor- 
phic representation of the cyclotomic field K over Q in which Jacobi sum Grossen- 
characters belong. These other motives are more "algebraic" compared with the 
Calabi-Yau motive M.x- 

In the next two sections, we will give proofs to the above theorems. In the next 
section automorphic inductions. 

10. Base change and automorphic induction 

Let F be a number field, and let be the adele ring of F and 2l(GL„(Ai?)) be 
the space of automorphic representations of GLni^p)- 

Let K he a. Galois extension of F with Galois group G = Gdl{K/F). If p 
is an irreducible representation of G, let L{s, p, K/F) denote the Artin L-series 
attached to p. The definition of the Artin L-series can be extended to arbitrary 
representation by multiplicativity of L-series associated to irreducible ones. For 
each p, the Langlands reciprocity conjecture states that there exists an automorphic 
representation 7r(p) e 21(GL„(Ai?)) such that 

Lis,p,K/F)^Lis,7rip)). 

We now recall a theorem of Arthur and Clozel [1 on base change and automor- 
phic induction for GL„. 

Proposition 10.1 (Arthur-Clozel). Suppose that K/F is a cyclic extension of 
prime degree £. Let tt and H denote representations which are induced from cuspidal 
representation of GLn{Ap) and GL„(Aa'), respectively. Then 

(1) tie base change lift of tt, denoted by B{tt), exists, and it is an automorphic 
represen tation in %{GLn{AK)) , ctnd 

(2) the automorphic induction /(II) of 11, denoted by /(II), exists, and it is an 
automorphic representation in 2l(GL„(Ai?)). 

Remark 10.1. Arthur-Clozel Theorem can be generalized to any abelian extension 
K/F. 

We can reformulate Arthur-Clozel theorem in terms of L-series. We need to 
consider Rankin-Selberg L-series of convolution. Let tt and tt' be two cuspidal, 
unitary automorphic representations of GL„(Ai?) and GLmiKp), respectively. Let 
© be a finite set of primes of F such that tt and tt' are unramified outside ©. 
Let L(s, TT (g) tt') be the Rankin-Selberg L-series of convolution. Then the result of 
Arthur and Clozel mentioned above is formulated in terms of L-series as follows: 

Lemma 10.2. Let K/ F be cyclic extension of prime degree, and suppose that tt and 
n are cuspidal unitary automorphic representations of GL„{Af) and GLmi^K), 
respectively. Then 

L{s, B{tt) (g) tt') = L(s, TT ® I{tt')). 

Now we describe the L-series of the ifS motive 7W s for our ifS surfaces S with 
involution cr, and also the L-series of the Calabi-Yau motive Mx of a Calabi- 
Yau threefold X. For this we first need to define Hecke L-series with Jacobi sum 
Grossencharacters . 

We recall now the definition of weighted Jacobi sums and weighted Fermat (di- 
agonal) motives from Gouvea-Yui [10]. 
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Definition 10.1. (a) Let K ~ Q{Cd) be the d th cyclotomic field over Q, Ok the 
ring of integers of K. Let p S Spec(CK). For every x G Ok relatively prime to p, 
let Xp(a; modp) = (^) be the d-th power residue symbol on K. If .t = (mod p), 
we put Xpi^' niodp) = 0. Let {wo,Wi,W2, ■ ■ ■ ,Wn+i) be a weight. Define the set 

2ld(wo, wi, • • • ,Wn+l) 

:= •^a= (oo,ai,--- ,a„+i)|ai e {wiZ/dZ),ai ^ 0, ^ a, = L 

i=0 ' 

For each a G 2l(j(woi wi, ■ ■ ■ , the weighted Jacobi sum is defined by 

jp(a) = jp(ao, ai, • • • , a„+i) := (-1)" ^ Xp(i;i)'^^Xp(«2)"^ • • • Xp(i;„+i)""+^ 

where the sum is taken over {vi,V2, ■ ■ ■ , Vn+i) G (Ok/p)^ x • • • x (Ok/p)^ subject 
to the linear relation 1 + vi + V2 -\ + Vn+i = (mod p). 

Weighted Jacobi sums are elements of Ok with complex absolute value equal to 
where q =| Normp |= 1 (mod d). 

(b) The Galois group Gal(K/Q) ~ (Z/dZ)^ acts on weighted Jacobi sums, by 
multiplication by f G (Z/dZ)^ on each component of a. Let A denote the (Z/dZ)^- 
orbit of a. For a weighted Jacobi sum jp(a), the (Z/dZ)^ -orbit of jp(a) is called 
the weighted Fermat (diagonal) motive, and denoted by Ma- 

To each a = (ao, ai, • • • , a„+i) G Qld{wo,wi,- ■ ■ , Wn+i), define the length of a to 

be 

n+l 



Via cohomological realizations of these motives, we can compute the numerical 

characters of A^a- 



• The i-th Betti number is 

Bi{MA) := dimQ,H\MA, 

• The (i,j)-th Hodge nubmer is 

h''^{MA) := dimcW {MA,i^') = < 



#A if i = n 

1 if i is even and A = [0] 

otherwise 



#{aG A|||a||=i} ifi+j = n 
1 ifA = [0] 

otherwise 



Lemma 10.3. (a) Let S be a K,i surface of degree d in a weighted projective 
3-space P'^(w;o, wi, W2, w^) and suppose that S is of CM type. Then there is the K'i 
motive Ms associated to the weight w = (wq, wi,W2, ws) such that h'^''^(Ms) — 1 
and B2{Ms) = ^p{d). 

(b) Let X he a Calahi-Yau threefold of degree d, in a weighted projective 4- 
space P^(wo: ''^i- ''^3. ^^4), and suppose that X is of CM type. Then there is the 
Calabi Yau motive Mx assocaited to the weight w = {wq,Wi, ■ ■ ■ , Wi) such that 
hP'^{Mx) = 1 and B3.{Mx) = v{d). 

In both dimension 2 and 3, aU other motives have h°''^{MA) = 0, that is, they 
are "algebraic". 
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Proof. For the weight w — {wq, wi, ■ ■ ■ , Wd+i), || wj| = because of the Calabi-Yau 
condition: d = J2t=o Under the assumption that S and X are of CM type, they 
are reahzed as finite quotients of some Fermat varieties. So the motive associated 
to w has h'^''^ = h'^''^ = 1. Its dimension is the order of (Z/dZ)^, which is (p{d) 
where (p denotes the Euler phi function. All other motives have length > 1. For 
details on Fermat (diagonal) motives, the reader is referred to Gouvea-Yui [10]. □ 

Proposition 10.4. Let {S, a) be one of the 86 K3 surfaces with involution a 
defined in Theorem l4.3l by a hypersurface of degree d over Q in a weighted projective 
3-space P^(wo, wi,W2,W3). Then S is of CM type. The L-series of S is determined 
by the Jacobi sum Grossencharacter of the cyclotomic field K := Q(Cd) over Q. 

Let w = {wo,'Wi,W2,W3) be the weight defining S, and let Ms be the K3 
motive associated to w. Let jp(w) be the Jacobi sum associated to it. Then jp(w) 
is an algebraic integer in Ok with complex absolute value p. The K3 motive Ms 
associated to w is transcendental and corresponds to the single (Z/dZ)^ -orbit of 
jp(w). Therefore the Galois representation associated to Ms is induced by a GLi 
automorihic representation of K = Q(Cd), and it is irreducible over Q of dimension 
(p{d). Consequently, the Galois representation of Ms is the automorphic induction 
of the GLi Grossencharacter representation of K. 

In other words, Ms is modular (automorphic) in the sense of Arthur and Clozel, 
that is, L(Ms, p, s) is determined by an automorphic representation over Q. 

Proof. Our K3 surface S is defined by a hypersurface of degree d over Q. 5* is of 
CM type. The characteristic polynomial of the Frobenius of the K3 motive Ms 
has reciprocal root jp(w) and their Galois conjugates, that is, the (Z/dZ)^ -orbit 
of jp(w). We know that Jp(w) and their Galois conjugates are elements of the cyl- 
cotomic field K = Q(Cd)- The restriction of Gal(Q/K) is a sum of GLi-dimensional 
representations corresponding to Jacobi sum Grossencharacters. So Ms is Gi- 
modular over K. Then the Arthur-Clozel automorphic induction process yields the 
autormorphic representation I{Ms) in Ql{GL^(^ct){Q)), which is irreducible over Q 
of dimension (p{d). Therefore, Ms modular (automorphic) in the sense of Arthur 
and Clozel. □ 

11. Proof of the automorphy of our Calabi-Yau threefolds over Q 

First we will study in detail the results of Arthur and Clozel [Ij about base 
change and automorphic induction for specific cases which are relevant to our later 
discussions. 

Lemma 11.1. Let K = Q{Cd) be the d-th cyclotomic field over Q. Let ip be a 
Jacobi sum Grossencharacter of K. Let (j) S 21(GL2(Aq)) be an automorphic repre- 
sentation. Then there is the base change representation Bx/q{(f>) G 'QI{GL2{Ak)). 
Furthermore, there exists the automorphic induction 

I{BK/(i{4>)) ® e 2l(GL2^(rf)(AQ). 

Finally, the Rankin-Selberg L-series is given by 

L{s, ip (g) BK/q{(t))) = Lis, I{BK/q{(f>)) ® ip) 

Proposition 11.2. Let di,d2 € N. Let Ki = Q(Cdi) and K2 = Q(Cd2) be di-th 
and d2-th cyclotomic fields over Q. Let tpi and tp2 be Jacobi sum Grossencharac- 
ters of Ki and IK2, respectively. Then they are respectively automorphic forms in 
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2t(GLi(AKi)) and 2t(GLi(AK2)), respectively. Consider the induced automorphic 
representation -01 ^ V'2 • 

(a) If Ki ^ K2, then ipi (g) corresponds to an automorphic representation in 
2t(GLi(AKiK2), and 

L{s, V'l (g) -02) = L{s, iki)L{s, V'2)- 

(b) If Ki = K2, then ipi <Si ip2 corresponds to the induced automorphic repre- 
sentation I{'tpi (g) -02) in 21(GL2(AkJ), and 

L{s, 01 ® ^-2) = /(V-i «) V'2))- 

(c) If Ki D K2 but Ki 7^ K2, then ip2 corresponds to a representation of a 
subgroup, H, of Gai(Ki/Q) := G, and ipi ip2 corresponds to the induced 
representation in 21(GLi(Akj )), and 

L(s,'0i «) 02) = i(s,-0i ^-rndgV-i)- 

We will recall the modularity of dimension one Calabi-Yau Varieties, namely, 
elliptic curves defined over Q. We consider elliptic curves E over Q with involution 
L. Then E is modular. More precisely, the Calabi-Yau motive Ai is the whole 
E. So they correspond to a 2-dimensional Galois representation, which is modular. 
li E — E2 or £'3, then E has CM, and its L-series is determined by Jacobi-sum 
Grossencharacters of the cylotomic field Q(Cdi) over Q for some di. 

For Calabi-Yau varieties of dimension two and their modularity, we confine our- 
selves to one of the 86 pairs (5*, a) of K3 surfaces with involution a in Theorem 
14.31 Then S is of CM type, and the K3 motive A^s is modular (automorphic) in 
the sense of Arthur and Clozel. (In fact, the whole S is modular (automorphic) by 
Theorem SH) 

Finally we are ready to prove the assertions in Section 9 on the modularity 
(automorphy) of the Calabi-Yau threefolds of CM type defined over Q. We will 
present proofs for Theorem 9.3 and Theorem 9.4. 

Proof of Theorem 9.3: We can find models (maybe singular) over Q which are 
hypersurface defining equations for our Calabi-Yau threefolds. That X is of CM 
type is proved in Theorem 17.21 for the 45 Calabi-Yau threefolds over Q where the 
K'i components S are of Borcea type. For the remaining 41 cases, this is proved 
in Theorem 17.31 When X is of CM type, the Galois representation of X is induced 
from the one-dimensional representations associated to the components, and the 
automorphic induction process yields irreducible automorphic representation over 
Q. Therefore X is modular (automporpphic) . □ 

Proof of Theorem 9.4'. 

(a) This follows from the modularity theorem for elliptic curves defined over 
Q. Associated to E, there is a cusp form fE of weight 2 obtained from the 
2-dimensional automorphic representation in 21(GL2(Aq)). 

(b) Theorem 4.5 is valid for the K3 motive Ms- Associated to the K3 motive 
Ms of S, there is the automorphic form obtained from the automorphic 
induction I (Ms) in 2l(GL^(d)(AQ)) for some d eN. 

(c) The Calabi-Yau motive Aix of the Calabi-Yau threefold X is given by 
Mx = E ® Ms and is defined over Q. Associated to Mxi there is the 
automorphic form ® I{Ms) in 2l(GL2t/i(d)(-'^Q)))- This follows from 
Lemma 11.1. 
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(d) The Calabi-Yau motive M.x is modular (automorphic) in the sense of 
Arthur and ClozeL This is nothing but the automorphic induction. 

□ 

Remark 11.1. The automorphy of other motives can also be established in the same 
way as for the Calabi-Yau motive, but indeed much simpler. In fact, the L-series 
can be expressed in terms of Jacobi sum Grossencharacters. 

Problem 2. How to give explicit descriptions for the automorphic forms associated 
to the Calabi-Yau motive AAx remains an open question. 

12. The automorphy of mirror Calabi-Yau threefolds over Q 

Mirror symmetry for Ki surfaces is given by Arnold's strange duality. It is due 
to Arnold-Dolgachev-Nikulin and is formulated for lattice polarized ifS surfaces 
as follows: A pair of lattice polarized K?, surfaces (S*, S*^) is said to be a mirror 
pair if 

as lattices. In terms of the Picard numbers, 

22-p(5) =2 + p(S'^) ^ p(S'^) =20-p(5). 

(See Dolgachev f5] for details.) 

Now we consider mirror symmetry for pairs (5, a) of Ki surfaces with involution 
a classified by Nikulin in terms of triplets (r, a, 5). Let (S*, a) be a pair of Ki surfaces 
with involution a corresponding to a triplet (r, a, J). Then the mirror pair {S^ ,a) 
corresponds to the triplet (20 — r, a, 5). 

For the Nikulin pyramid given in Section 2, the mirror is placed at the vertical 
line r = 10, corresponding to the symmetry {r,a,5) O (20 — r, a,(5). It should 
be remarked that mirrors do not exist for the points located at the utmost right 
outerlayer of the pyramid, that is, (r, a, 5) is one of the following triplets (20, 2, 1), 
(19,3,1), (18,4,1), (18,4,0), (17,5,1), (16,6,1), (15,7,1), (14,8,1), (13,9,1) and 
(12,10,1). 

Now we consider our Calabi-Yau threefolds obtained as crepant resolutions of 
quotient threefolds E x S/ i x a. Mirror symmetry for these Calabi-Yau families 
has been discussed by Voisin [20] and also by Borcea [4]. 

Theorem 12.1. Given a Calabi-Yau family X — X{r,a,S) ~ E x S/ l x a, there 
is a mirror Calabi-Yau family — X{20 — r,a,S) — E x S'^ /t x a such that 

e{E^) = ^e{X) 

Mirror symmetry for Calabi-Yau threefolds X is purely determined by mirror sym- 
metry for the K3 components S. 

Borcea's formulation of mirror symmetry is: 

h^-^X'') = 5 + 3(20 - r) - 2a = 65 - 3r - 2a = /i^'^(X), 

h^'^iX'') = 65 - 3(20 - r) - 2a = 5 + 3r - 2a = h^-^{X) 

and 

e{X'') = -12(r - 10) = -e{X) 
That is, mirror symmetry interchanges r by 20 — r. 
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Voisin 's formulation of mirror symmetry is given as follows: Recall that the fixed 
part S" of S under a ia a disjoint union of a genus-g curve and k rational curves 
on S. Put 

N := 1 + k ~ the number of components of S"^ 
N' :— the sum of genera of components of S"^ 

Then 

h^'^iX) = 11 + 5N - N', 
h'^'^iX) = n + 5N' -N 

and 

eiX) = 12{N-N'). 
Mirror symmetry interchanges N and N' . 

h^-^X'') = 11 + 57V' -TV 
h^-^X"") = 11 + 5N -N' 

and 

eiX"") = 12{N' -N) = -e{X) 

Remark 12.1. For the Calabi-Yau threefolds corresponding to the 10 triplets (r, a, i5) 
located at the utmost right outerlayer of the Nikulin's pyramid (called the "pale 
region" by Borcea), mirror partners do not exist. This was recently pointed out 
by Rohde [12], and studied by Garbagnati-van Geemen [5]. A reason for this is 
the non-existence of boundary points in the complex structure moduli space of the 
Calabi-Yau threefold where the variation of Hodge structures on has maximal 
unipotent monodromy. 

Now we consider the 95 families of K3 surfaces in the list of Reid and Yonemura. 
Belcastro [5] determined the Picard lattices for these 95 K3 surfaces, and showed 
that these 95 families are not closed under mymmetry. 

We can fish out those K3 surfaces with involution a which are closed under 
mirror symmetry. 

Lemma 12.2 (Belcastro |2j). The 95 families of K3 surfaces of Reid and Yonemura 
are not closed under mirror symmetry. Among them, the 57 families have mirror 
partners within the list. 

Lemma 12.3. All 57 families of K3 surfaces S have non-symplectic involutions a 
acting as —1 on H'^{S), and their mirror partners S*^ also non-symplective involu- 
tions a with the same property. 

Proof. We tabulate the 57 families of K3 surfaces with involutions, and their mirror 
partners in Table \M and Table [111 □ 

Theorem 12.4. Let {S, a) be one of the 57 K3 surfaces with involution a, which are 
closed under mirror symmetry. Let X be a Calabi-Yau threefold corresponding to 
a triplet {r,a,6). Then a mirror Calabi-Yau threefold exists and corresponds 
to the triplet (20 — r,a,S). Then is obtained as a crepant resolution of the 
quotient E x S'^/t x a. X'^ satishes the following: 

(a) has a model defined over Q 

(b) is of CM type if and only if E is of CM type. 

(c) If X'^ is of CM type, then X is modular (automorphic) in the sense of 
Arthur and Clozel. 
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Proof. Repeat the same proof as for Theorem 9.4 to X'^ . □ 

Example 12.5. Let E — E2 he an elhptic curve with invohition l and let S = #14 
in Yonemura =#26 in Borcea be a K3 surface given by 

S : xl^ xl+xl + xf C P^(21, 14, 6, 1) 

of degree 42 and involution a{xo) — —xq. S corresponds to the triplet (10, 0, 0). A 

Calabi-Yau threefold X =^ E2 y- S / l x a has a birational model defined over Q 

X : + = zi + zl + zf C p4(21, 21, 28, 12, 2) 

of degree 84. The Hodge numbers and the Euler characteristic are 

h^'\X) = 35, h^'^X) = 35, e{X) = 

so that X is its own mirror. 

The Calabi-Yau motive Aix has dimension <y3(84) = 24 and the Jacobi sum 
Grossencharacter oi K = Q(C84) gives GLi-representations and its automorphic 
induction gives rise to the GL24 irreducible representation for A4x over Q, and 
hence it is modular (automorphic). 

Example 12.6. Let E — E2 he an elliptic curve with invohition l and let S = #40 
in Yonemura =#5 in Borcea be a K3 surface given by 

S -.xl^ x\x2 + x\x\ + xl- xf C P^(7, 4, 2, 1) 

of degree 14 with involution a{xQ) = —xq. S corresponds to the triplet (7, 3, 0). By 
Theorem 14.31 we may remove the monomial X1X2 from the defining equation. 
A Calabi-Yau threefold X has a birational model defined over Q: 

X ■.z^ + zf = z^Z3 + zl - zl'^ C P"*(7, 7, 8, 4, 2) 

of degree 28. The Hodge numbers and the Euler characteristic are 

/ii'i(X) = 20, = 38, e{X) = -36. 

The Calabi-Yau motive M.x has dimension f{?>^) = 24 and the Jacobi Grossen- 
character of IK = Q(C84) gives GLi representations and its automorphic induction 
gives rise to GL24, irreducible representation for M.x over Q. Hence M.x is modular 
(automorphic). 

A candidate for mirror partner ior X \s E2 y. S"^ / i x a where S*^ may be taken 
to be #47 in Yonemura =#24 in Borcea. 5^ is a K'i surface defined by 

S'^ -.xl^xl^ xixl + xlxl + x\^ C P^(21, 14, 4, 3) 

of degree 42. 5^ corresponds to the triplet (13,3,0). By Theorem 4.3, we may re- 
move the monomial x'^x\ from the defining equation. A mirror Calabi-Yau threefold 
X^ has a birational model defined over Q: 

X'' : z'^ + zt ^ zl + Z2zl + zl^ C P^(21, 21, 28, 8, 6) 

of degree 84. The Hodge numbers and the Euler characteristic of AT^ are 

/ii'i(A^) = 38, h'^'\X'') = 20, eiX"") = 36. 

The Calabi-Yau motive A4x'^ has dimension ^5(28) — 12. Again, the Jacobi sum 
Grossencharacter of K = Q(C28) gives GLi representations and its automorphic 
induction yields GL12 irreducible representation for Aix'^ over Q. So Aix'^ is 
modular (automorphic). 
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For these two examples, it happens that L{Mx,p,s) ~ L{Mx-^ , , s). That is 
the L-series of the Calabi-Yau motives of X and coinside. 

Example 12.7. Let E — he an ehiptic curve with involution l and let S = #80 
in Yonemura = #40 in Borcea be a surface given by 

S -.xl^ x\x-2 + x\x-i + 4^ C P^(22, 13, 5, 4) 

of degree 44 with involution aix^) — ~xq. S corresponds to the triplet (18,0,0). 
S is already of CM type. 

A Calabi-Yau threefold X has a birational model defined over Q: 

X ■.z^ + zf = z|z3 + zfzi + zf C P^(44, 22, 39, 15, 12) 

of degree 132. The Hodge numbers and the Euler characteristic are 

/,,i'i(X) = 59, h^-^{X) = 11, e(X) = 96. 

The Calabi-Yau motive A^x has dimension v^llS) = 4. The Jacobi sum Grossen- 
character of K = Q(Ci2) gives GL\ representations and its automorphic induction 
yields GL4 irreducible representation for M.x over Q. So M^x is modular (auto- 
morphic) . 

A candidate for mirror partner for X is the product E x S'^ where S\/ is #10 in 
Yonemura = #42 in Borcea, which is given by 

S"" ■.xl = xl + xf + 42 c P3(6, 4, 1, 1) 

of degree 12. However, since wq is divisible by 6, we do not know how to construct 
a hypersurface defining equation for a mirror Calabi-Yau threefold X^. 

Problem 3. Let {X, X^) be a mirror pair of Calabi-Yau threefolds of Theorem 12.1. 
As the first two examples indicates, the L-seires of the Calabi-Yau motive A4x 
remain invariant under mirror symmetry, so that L(A4x, P, s) — L(A^xv , p^, s). 
A natural question is: Does the Calabi-Yau motive A4x remain invariant under 
mirror symmetry? 

13. Tables 

Some clarifications might be in order how to read the tables. 

• In the Table [H [2] and [31 we use two numbering systems, one from Borcea 
i3# and the other from Yonemura K#. We matched up the numbers in 
two lists. 

• We use two sets of notations for variables, one is xo,xi, - ■■ and the 
other is x,y, z,w, ■ ■ ■ . In relevant tables, we indicated identification of these 
two sets of variables. 

• The equations in Tables [l] [2] and [3] are taken from Borcea's paper [4]. 
"Terms removed" indicates the terms we may remove to specialize the equa- 
tions (or deformation) into Fermat or Delsarte type. 

• The equations in Table 2] are taken from Yonemura's paper |21| . "Terms 
removed" indicates the terms we may remove to specialize the equations 
into Delsarte type. In Case #1, there is no choice of equations of the form 

xl = fixi,X2,X3) or X^Xi = f{xi,X2,X3). 

• In Table El the equations are taken from Yonemura's paper j21j. In order 
to make the equations into Delsarte type, we slightly generalize the original 
equations and then remove some terms, if necessary. In other words, we first 
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add a few terms to the original equation and then remove several terms to 
make the equation into a form of Delsarte type. This procedure is indicated 
as "terms changed/removed." 

For instance, in the case #17, we first add a term x^y and then remove 
x^, xw^ and yut' . In effect, this procedure interchanges with x^y, and 
remove xw^ and yw^ . It results in a new equation x^y + y'^ + + zw^ . 

• In TablelH the equations are taken from Yonemura's paper [21]. For the fTS 
surfaces on this table, there is no way to define the involution a{x) — —x 
by using equations of Delsarte type. We therefore define an involution on 
some other variable. This alternative involution is indicated in the column 
"involution." Nikulin's invariants r and a for such (5, a) are calculated in 
Table El 

• The K?, surfaces in Table [7] are taken from Yonemura's paper [21] . They 
have involution a{x) = —x, but no matter what terms we add or remove 
from the equations, we cannot transform them into quasi-smooth equations 
of Delsarte type (cf. Remark |4.4|) . 

• The KZ surfaces in Table [8| are also taken from Yonemura's paper [21]. For 
them, we do not know how to define a non-symplectic involution on the KZ 
surfaces by preserving their quasi-smoothness (even if we allow more than 
four monomials in the equations). 

• Table m lists Ki surfaces with involution on xi, X2 or x-^ (i.e., not the 
variable xq of highest weight). The variable we choose is indicated under the 
column <T{xi) — —Xi. For some K3 surfaces, we consider two involutions. 
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Table 1 . K3 weights in Borcea's list with odd wq 









f{xi,X2,x:i) = f{y,z,w) 


r 


a 


terms removed from 
equations of [B] 


5 


1 


(3,1,1,1) 


y'^ + z'^ + w'^ 


1 


1 




6 


2 


(5,2,2,1) 


y^ +w^^ 


6 


4 




42 


3 


(5,3,1,1) 


y-^z + z'-" + it;^" 


3 


1 


y^w 


32 


4 


(7,3,2,2) 


2T 7 7 

y z + z + w 


10 


6 


4 

y w 


40 


5 


(7,4,2,1) 


y-^z + z"^ + w^'^ 


7 


3 


y^w'^ 


33 


6 


(9,4,3,2) 


y w + z° + w 


10 


6 




39 


7 


(9,5,3,1) 


y'^z + z^ + w^^ 


7 


3 




12 


8 


(9,6,2,1) 


+ z'^ + w^^ 


6 


2 




75 


9 


(11,5,4,2) 


y'^w + z^w + w^^ 


13 


5 


y'^z'-^ 


78 


10 


(11,6,4,1) 


y^z + yz'^ + ui^^ 


10 


2 


y^w'^, z^w'"^ 


82 


11 


(11,7,3,1) 


y^w + yz^ + w'^'^ 


9 


1 


7 

z w 


76 


12 


(13,6,5,2) 


y^w + yz'^ + w^"'' 


14 


4 


z^w'"" 


77 


13 


(13,7,5,1) 


y^^z + z^w + w'^*^ 


11 


1 


■-i 

y w 


81 


14 


(13,8,3,2) 


y^w + yz^ + 


13 


3 


u 

Z W 


29 


15 


(15,6,5,4) 


y^ + z*^ + yw'^ 


12 


6 


Z^W^ 


34 


16 


(15,7,6,2) 


y'^w + z^ + 


14 


4 




38 


17 


(15,8,6,1) 


y^z + z^ + w^" 


11 


1 


yiyf> 


11 


18 


(15,10,3,2) 


yd _,_ ^iU _|_ ^ib 


10 


4 




50 


19 


(15,10,4,1) 




9 


1 


z'^w^ 


90 


20 


(17,7,6,4) 


y^z + y^w'^ + z^w + zw' 


17 


3 


no Dclsarte form 


93 


21 


(17,10,4,3) 


y'^z + yz^ + yw^ + z'w'' + zw''" 


16 


2 


no Dclsarte form 


91 


22 


(19,8,6,5) 


y'^z + yz^ + yw^ + z'^w* 


18 


2 


no Delsarte form 


92 


23 


(19,11,5,3) 


— 1 n 7 

y z + yw + z w 


17 


1 


zw'-^ 


47 


24 


(21,14,4,3) 


y^ + yz^ + w'-^ 


13 


3 


Z''W 


49 


25 


(21,14,5,2) 


y'^ + z^w + w'^^ 


14 


2 




14 


26 


(21,14,6,1) 


y'-'^ + w'^ + w^'^ 


10 







73 


27 


(25,10,8,7) 


y^ + yz^ + zw^ 


19 


1 




83 


28 


(27,18,5,4) 


y^ + yw^ + z'^^w 


17 


1 


z-^w^-^ 


46 


29 


(33,22,6,5) 


y'^ + z'-^ + zw^'^ 


18 
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Table 2. K3 weights in Borcea's list with even wq 







{wo,Wi,W2,'W3) 


j[xi,X2,X3) = }[y,z,w) 


r 


a 


terms removed from 
equations of [B] 


7 


30 


(4,2,1,1) 




2 


2 




37 


31 


(8,4,3,1) 


y + yz + w 


6 


4 


z w 


44 


32 


(8,5,2,1) 


y^w + + w^*^ 


6 


2 


y'^z'^ 


36 


33 


(10,5,3,2) 


y^ + yz^ + lU"'^" 


8 


6 


z^w 


9 


34 


(10,5,4,1) 




6 


4 




35 


35 


(14,7,4,3) 


21 7 7 

y + z + yw 


10 


6 


o — 

zw 


45 


36 


(14,9,4,1) 


y'^w + z"" + w"'** 


10 







74 


37 


(16,7,5,4) 


y'^w + yz^ + w** 


14 


4 


A ■^ 

z w 


79 


38 


(16,9,5,2) 


y^z + z'°w + w^'' 


14 


2 


y^u? 


30 


39 


(20,8,7,5) 


y'" + z^w + 


14 


4 




80 


40 


(22,13,5,4) 


1 R TT 

y z + z w + w 


18 








Table 3. K?> weights in Borcea's hst with wq divisible by 6 









]{xi,X2,x-i) = f{y,z,w) 


r 


a 


terms removed from 
equations of [B] 


8 


41 


(6,3,2,1) 


y^ + z*^ + 


4 


4 




10 


42 


(6,4,1,1) 


y^ + z^^ + 


2 







31 


43 


(12,5,4,3) 


y'^z + z^ + 


14 


2 


y^'w^ 


41 


44 


(12,7,3,2) 


y^z + z** + w'-''' 


10 


4 


y^w 


13 


45 


(12,8,3,1) 


y^ + z^ + w^'^ 


6 


2 




43 


46 


(18,11,4,3) 


y^w + z^ + w'^^ 


14 


2 




51 


47 


(18,12,5,1) 


y'^ + z^ui + w^*^ 


10 







48 


48 


(24,16,5,3) 


y^ + z'^w + w^*^ 


14 


2 
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Table 4. Delsarte-type K3 surfaces with involutions a{x) = —x, 
NOT in Borcea's list, after removal of several terms 





{wo,Wi,W2,W3) 


F{xo,xi,X2,X3) = F{x,y,z,w) 


r 


a 


terms removed from 
equations of [Y] 


1 


(1,1.1,1) 


.t;4 + + + 


8 


8 




19 


(3,2.2.1) 


x-ij + + + ir^ 


10 


() 


.f- iL'- a.iid ,i:^z 


20 


(9,8,6,1) 


x'^z + + z"* + w^'^ 


10 


6 


x^w*^ 


21 


(2,1,1,1) 


x'^y + y^ + z^ + 


6 


4 


x^z,x'^w 


22 


(6,5,3,1) 


x^z + y'^ + z^ + w^^ 


10 


4 


x''w'^ 


23 


(5,3,2,2) 


x'-^z + + z'' + w*^ 


12 


6 


x'^w 


24 


(5,4,2,1) 


x'-'z + + z^ + 


10 


4 


x'^'w'' 


25 


(4,3,1,1) 


x'^z + + z^ + 


6 


2 


x'^w 


26 


(9,5,4,2) 


x'^w + J/'' + z^ + w^^ 


14 


4 




27 


(11,8,3,2) 


x^w + j/^ + z** + w^'^ 


14 


2 




28 


(10,7,3,1) 


x'^w + + z"^ + w'^^ 


11 


1 




55 


(7,6,5,2) 


x^y + y^w + z* + w^^ 


14 


4 


x^w^ 


56 


(11,8,6,5) 


J.2y _|_ y-i^ _|_ ^5 _|_ 


19 


1 




57 


(9,6,5,4) 


X y + V + z w + w 


18 


2 


xz'"^ 


58 


(6,5,4,1) 


x^z + y^w + + w^*^ 


14 


2 


x'^w'^, xy '^ 


59 


(8,7,5,1) 


x'^z + y"^ + z^w + w^^ 


14 


2 


x'^'w^ 


60 


(7,6,4,1) 


x^z + + yz''^ + w^^ 


13 


3 


x'^w"^, z'^w'^ 


61 


(11,7,6,4) 


x'^z + + z^w + iv'^ 


18 


2 




62 


(8,5,4,3) 


x'^z + J/* + yw^ + z^ 


14 


4 


A •! A 

xw , z w 


63 


(4,3,2,1) 


x^z + y^w + z^ + 


10 


4 


■2 '2 2 2 2 

X w ,xy ,y z 


64 


(10,7,4,3) 


x^z + y'^w + z*" + 


18 





xy^ 


65 


(14,11,5,3) 


x^z + j/^ + z'^w + 


18 







66 


(3,2,1,1) 


x^z + y^w + z' + w' 


7 


3 


x'^w, xy'^, y^z 


67 


(9,7,3,2) 


x^z + y'^ + yw' + z' 


13 


3 


xw°, zw" 


68 


(13,10,4,3) 


x'^z + y''^ + yz^ + w'^^ 


17 


1 


z'^w'^ 


69 


(7,4,3,2) 


x^w + + t/z* + 


14 


4 


xz"^, z'^w'^ 


70 


(8,5,3,2) 


x'^w + y^z + z*' + 11)^ 


14 


2 


xy^,y'^'w'^ 


71 


(7,4,3,1) 


x'^w + y^z + z^ + w^^ 


11 


1 


xy'^, y^w^ 


72 


(7,5,2,1) 


x'^w + y^ + yz^ + w^^ 


9 


1 


4 7 

xz ,z'w 


86 


(9,7,5,4) 


x^y + y^w + z^ + zw^ 


19 


1 


4 

xw 


87 


(5,4,3,1) 


x'^z + y^w + yz"^ + w^'"^ 


13 


3 


x^w^, xy'^, z^w 


88 


(11,9,5,2) 


x^z + y^ + yw^ + z^w 


17 


1 


n TT 

XW , zw 


89 


(5,3,2,1) 


x'^w + y^z + yz'^ + w^^ 


10 


2 


xy '^ , xz'^ , y'^w'^ , z^w 



[22] Zarhin, Yu., Hodge groups of KZ surfaces, J. Reine Angew. Math. 341 (1983), pp. 193-220. 
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Table 5. K3 surfaces with involution a{x) = —x, NOT in 
Borcea's list, after change and/or removal of several terms 







F{xo,xi,X2,X3) = F{x,y,z,w) 


r 


a 


terms changed/removed 
from equations of [Y] 


3 


(2.2.1,1) 


x'^y + y'^ + + it'^ 


7 


7 


x "^ x '^y 


4 


(4.4.3,1) 


a:- I) + + + ((■-'-- 


7 




x'' x-ij 


17 


(5,5,3,2) 


x'^'y + + z'^ + zw'^ 


12 


6 


xw'^ , yw^ , x"^ — )■ x^y 


18 


(3,3,2,1) 




10 


6 


xz'^,yz'^,x'^ x'^y 



Table 6. K'i surfaces with a different kind of involution 







F(xo,a;i,X2,X3) = F{x,y,z,w) 


terms removed 


involution 


2 


(4,3,3,2) 


x;' + ?/ + + w'' 


none 




16 


(8,7,6,3) 


x-'' + y-^w + z'^ + 


none 


z ^ —z 


52 


(12,9,8,7) 


x"* + + xz"^ + zw'^ 


none 


y^ -y 


84 


(9,7,6,5) 


x"^ + xz'^ + y'^z + yw'^ 


z'-'w''* 


w —w 



Table 7. K3 surfaces with involution a{x) = —x, but not realized 
as quasi-smooth hypersurfaces in 4 monomials 





(«'(). tVl. tL'2. ir-.i) 


F(.i:i),.i:i,.i:2:.v:{) = F{.r.y.z. w) 


)■ 


a 


85 


(5,4,3,2) 


x^y + x^w^ + y'''w + y^z^ + yuf + z'^w + w'^ 


15 


5 


90 


(17,7,6,4) 


x^ + y'^z + y^vs^ + z^w + zw' 


17 


3 


91 


(19,8,6,5) 


x^ + y'^z + yz^ + yw'^ + z^w'^ 


18 


2 


93 


(17,10,4,3) 


x'-^ +y'^z + yz'^ + yw^ + z'w'^ + zw^^ 


16 


2 


94 


(7,5,4,3) 


x^y + y^z + y'^W^ + z^w + zw^ 


18 


2 


95 


(7,5,3,2) 


x'^z + y^w + yz^ + yw'^ + z^w + zw^ 


16 


2 



Table 8. K2> weights with no obvious involution 







F{xo,xi,X2,X3,) = F{x,y,z,w) 


15 


(5,4,3,3) 


x'-^ + y^z + y^w + z^ + 


53 


(6,5,4,3) 




54 


(7,6,5,3) 


a;"* + y'^w + yz'^ + z'^w'^ + w' 
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Table 9. Nikulin's invariant associated with other types of involutions 





(Wn, Wi,W2,W3) 


F(xq,xi,X2,xz) — Fix.y.z.w) 


(7(Xi) = — Xj 


r 


a 


2 


(4,3,3,2) 


x-^ + ^ + 


y 


10 


8 




(4,3,3,2) 


a;^ + + + w'^ 




18 


4 


3 


(2,2.1,1) 


x^y + y'^ + z'" + w*^ 


z 


10 


8 


4 


(4.4.3,1) 


■i:'IJ + !/' + " ^ + 




14 


6 


5 


(3,1,1,1) 


x^ + + z^ + w*^ 
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Table 10. K3 surfaces and their mirror partners 
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Table 11. K3 surfaces and their mirror partners (continued) 
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